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Nonlinear Optics

Observation: 
Photons do not interact

Nonlinear Optics need a medium 
which mediates interactions 

First thing to study: 

Interaction between light and matter
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Coupling between light and matter

@ fundamental level: QED 
Electron-photon scattering in vacuum
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<latexit sha1_base64="GdFYHPlw1qKYdQ4By94lZI0fiUM="></latexit>

Coupling is weak 
Set by the fine-structure constant

QUESTION 

Is the light-matter coupling always weak?
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Strong coupling between light and matter

Example 1: Plasma 
Ionised matter strongly coupled with electromagnetic field. 

Very complex many-body light-matter system

Lightning strike is a plasma channel. Source: Wikipedia

• Use finite-density medium (to catch a photon) 

• Use strong light fields (to affect the medium)

One solution:
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Strong coupling between light and matter

Example 2: Strong laser pulses 
Nobel Prize 2018: 

Gérard Mourou and Donna Strickland for their method of 
generating high-intensity, ultra-short optical pulses.

High-harmonic generation with femtosecond pulses on gases [PNAS]

• Use finite-density medium (to catch a photon) 

• Use strong light fields (to affect the medium)

One solution:
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Nonlinear optics

Fundamental principle: 
a strong enough beam  

modifies medium (polarisability)  
which in turn modifies beam propagation 

Example: second harmonic generation

Source: Wikipedia

Equivalent picture: 
The medium mediates 

interactions between photons Pi = ✏0
X

j

�(1)
ij Ej +

X

jk

�(2)
ijkEjEk + . . .

Classical version: nonlinear polarisability in Maxwell’s equations

Technology: 
Photon interactions are useful for signal processing in optics 

(optical modulation/switching, frequency conversion, …) 
So far in the classical regime!
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Strong coupling between light and matter
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Photon-lump scatteringNonlinear Optics tends to be classical 

• Light is classical at high intensities  
Interactions between coherent “lumps” of photons 

• Use finite-density medium (to catch a photon) 

• Use strong light fields (to affect the medium)
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Strong coupling between light and matter

Nonlinear Optics tends to be classical 

• Light is classical at high intensities  
Interactions between coherent “lumps” of photons 

Can quantum mechanics be important? 

• Interactions need to take place between single photons 

Photon-by-photon scattering?

SCATTERING

• Use finite-density medium (to catch a photon) 

• Use strong light fields (to affect the medium)
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Strong coupling between light and matter

Nonlinear Optics tends to be classical 

• Light is classical at high intensities  
Interactions between coherent “lumps” of photons 

Can quantum mechanics be important? 

• Interactions need to take place between single photons 

Photon-by-photon scattering?

SCATTERING

Is Quantum Nonlinear Optics interesting?

• Use finite-density medium (to catch a photon) 

• Use strong light fields (to affect the medium)
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Quantum nonlinear optics: technological promise

The Quantum Internet
Kimble, et al., Nature 453, 1023 (2008).

• Photons transport information across channels 

• Photon-interactions at the nodes process information 

• Interactions rely on nonlinear optics in the quantum regime

PROSPECT: 
Quantum information processing and communication 

• Photons are optimal quantum information carriers 
• Photon-interactions could allow for quantum information processing 
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Quantum nonlinear optics: fundamental interest

• Not in thermal equilibrium (driven-dissipative)  

• Exotic interactions (retardation, sign-change, long-

range)

PROSPECT: 
Novel many-body phenomena in quantum plasmas 

• Material’s degree of freedom strongly interacting with light at the level of single quanta 
• Take a finite excitation density of both light and matter where collective phenomena appear  

Peyronel, et al., Nature 488, 57 (2012).

Example: single Rydberg atoms interacting with single photons

Example: Quantum atom-photon “plasma”

Peculiar features:
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Review: Chang, Vuletic, Lukin, Nat. Phot. 8, 685 (2014).

Technological motivation: 

Quantum Internet

Fundamental motivation: 

Many-body phenomena 
In quantum plasmas

Quantum nonlinear optics: overview



|  Francesco Piazza 13

Quantum nonlinear optics: overview of materials

Molecules

[Phys. Rev. X 7, 021014]

Ions

[Nature. 485, 482]

Superconducting circuits

2D electron gases

[Nature 431, 162]

Neutral atoms

[Nature 488, 57]

[Nature 464, 1301]
[Science 335, 1323]
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Quantum nonlinear optics: overview of materials

Molecules

[Phys. Rev. X 7, 021014]

Ions

[Nature. 485, 482]

Superconducting circuits

2D electron gases 
(strongly correlated fermions)

Neutral atoms

QUANTUM DEGENERATE MATTER

(ultracold bosons/fermions)

[Nature 431, 162]

[Nature 488, 57]

[Nature 464, 1301]
[Science 335, 1323]
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Quantum nonlinear optics: overview of materials

Molecules

[Phys. Rev. X 7, 021014]

Ions

[Nature. 485, 482]

Superconducting circuits

2D electron gases 
(strongly correlated fermions)

Neutral atoms

THIS TALK

(ultracold bosons/fermions)

[Nature 431, 162]

[Nature 488, 57]

[Nature 464, 1301]
[Science 335, 1323]
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Outline

1. Interaction between atoms and photons 

2. Implementing Quantum nonlinear optics 

3. Quantum nonlinear optics with quantum degenerate matter 

4. Many-body physics with quantum atom-photon plasmas
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1. Interaction between atoms and photons
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Interaction of electromagnetic fields with (artificial) atoms

EM field interacts with the electrons in the atom

Hamiltonian:

Minimal coupling: 
1

2m
(p� eA)2

<latexit sha1_base64="qcNB+662lDHNu5w1/iETnmsw6fI=">AAACD3icbZDLSsNAFIYn9VbrLerSzWBR6sKSVEGXVTcuK9gLNLFMppN26GQSZiZCCXkDN76KGxeKuHXrzrdx0kbQ1h8GPv5zDnPO70WMSmVZX0ZhYXFpeaW4Wlpb39jcMrd3WjKMBSZNHLJQdDwkCaOcNBVVjHQiQVDgMdL2RldZvX1PhKQhv1XjiLgBGnDqU4yUtnrmoeMLhBM7TWpBWnECpIaen0TpMfnhi/TortYzy1bVmgjOg51DGeRq9MxPpx/iOCBcYYak7NpWpNwECUUxI2nJiSWJEB6hAelq5Cgg0k0m96TwQDt96IdCP67gxP09kaBAynHg6c5sSTlby8z/at1Y+eduQnkUK8Lx9CM/ZlCFMAsH9qkgWLGxBoQF1btCPEQ6IKUjLOkQ7NmT56FVq9onVevmtFy/zOMogj2wDyrABmegDq5BAzQBBg/gCbyAV+PReDbejPdpa8HIZ3bBHxkf3+zunJE=</latexit>

Ĥ = Ĥel + Ĥint + Ĥfield
<latexit sha1_base64="PDaZs6DKYG5BZo2tUgXlxT2hJr8=">AAACJ3icbZDNSgMxFIUz/tb6V3XpJlgEQSgzKuhGKbpxqWBroS0lk95pQzOZIbkjlGHexo2v4kZQEV36JqbtLLT1QsjhO/eS3OPHUhh03S9nbn5hcWm5sFJcXVvf2CxtbddNlGgONR7JSDd8ZkAKBTUUKKERa2ChL+HeH1yN/PsH0EZE6g6HMbRD1lMiEJyhRZ3SRavPML3OzvO7k7Z0SEFmh3+AUDhFAgGym3VKZbfijovOCi8XZZLXTaf02upGPAlBIZfMmKbnxthOmUbBJWTFVmIgZnzAetC0UrEQTDsd75nRfUu6NIi0PQrpmP6eSFlozDD0bWfIsG+mvRH8z2smGJy1U6HiBEHxyUNBIilGdBQa7QoNHOXQCsa1sH+lvM8042ijLdoQvOmVZ0X9qOIdV9zbk3L1Mo+jQHbJHjkgHjklVXJNbkiNcPJInskbeXeenBfnw/mctM45+cwO+VPO9w8N46dG</latexit>

Neglected 

          termA2
<latexit sha1_base64="oA/gk9JUzORBLvazMg1yo0SzFVQ=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI+oF48Y5ZHASmaHASbMzm5mek3Ihk/w4kFjvPpF3vwbB9iDgpV0UqnqTndXEEth0HW/ndzK6tr6Rn6zsLW9s7tX3D9omCjRjNdZJCPdCqjhUiheR4GSt2LNaRhI3gxGN1O/+cS1EZF6wHHM/ZAOlOgLRtFK91ePlW6x5JbdGcgy8TJSggy1bvGr04tYEnKFTFJj2p4bo59SjYJJPil0EsNjykZ0wNuWKhpy46ezUyfkxCo90o+0LYVkpv6eSGlozDgMbGdIcWgWvan4n9dOsH/pp0LFCXLF5ov6iSQYkenfpCc0ZyjHllCmhb2VsCHVlKFNp2BD8BZfXiaNStk7K7t356XqdRZHHo7gGE7Bgwuowi3UoA4MBvAMr/DmSOfFeXc+5q05J5s5hD9wPn8AuICNaw==</latexit>
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Electronic states in the atom (without EM field)

Coupling strength

k
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Interaction of electromagnetic fields with (artificial) atoms

k
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<latexit sha1_base64="y7YZ3D3BusY5DOLUGJEZhHY5HzU=">AAAB6HicdVDLSgMxFM3UV62vqks3wSK4GjLt0NZd0Y3LFuwD2qFk0kybNpMZkoxQhn6BGxeKuPWT3Pk3ZtoKKnrgwuGce7n3Hj/mTGmEPqzcxubW9k5+t7C3f3B4VDw+6agokYS2ScQj2fOxopwJ2tZMc9qLJcWhz2nXn91kfveeSsUicafnMfVCPBYsYARrI7Wmw2IJ2Vf1atmtQmQjVHPKTkbKNbfiQscoGUpgjeaw+D4YRSQJqdCEY6X6Doq1l2KpGeF0URgkisaYzPCY9g0VOKTKS5eHLuCFUUYwiKQpoeFS/T6R4lCpeeibzhDrifrtZeJfXj/RQd1LmYgTTQVZLQoSDnUEs6/hiElKNJ8bgolk5lZIJlhiok02BRPC16fwf9Ip207FRi231Lhex5EHZ+AcXAIH1EAD3IImaAMCKHgAT+DZmlqP1ov1umrNWeuZU/AD1tsnMcmNMg==</latexit>

Dipole approximation:  
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u�(x) ' u�(x0)
<latexit sha1_base64="eqBoaz/3NCag8uqdHmWCvIeTm4I=">AAACLnicfVDLSsNAFJ3UV62vqEs3g0VoNyVRQZdFEVxWsA9oQphMJu3QycOZiVhCvsiNv6ILQUXc+hlO2gjaigcGDuecy9x73JhRIQ3jRSstLC4tr5RXK2vrG5tb+vZOR0QJx6SNIxbxnosEYTQkbUklI72YExS4jHTd0Xnud28JFzQKr+U4JnaABiH1KUZSSY5+YQVIDl0/TTLHYmrOQ7Vv6S6rW4IG5Ab+F3KMrO7oVaNhTADniVmQKijQcvQny4twEpBQYoaE6JtGLO0UcUkxI1nFSgSJER6hAekrGqKACDudnJvBA6V40I+4eqGEE/XnRIoCIcaBq5L5kmLWy8W/vH4i/VM7pWGcSBLi6Ud+wqCMYN4d9CgnWLKxIghzqnaFeIg4wlI1XFElmLMnz5POYcM8ahhXx9XmWVFHGeyBfVADJjgBTXAJWqANMLgHj+AVvGkP2rP2rn1MoyWtmNkFv6B9fgEPzapV</latexit>

u�(x)
<latexit sha1_base64="b+oOnMqD9DhNE32aq00q78uQp4o=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBHqpiQq6LLoxmUF+4AmhMlk0g6dTMLMRCwhOzf+ihsXirj1F9z5N07aCNp6YOBwzj3MvcdPGJXKsr6MhcWl5ZXVylp1fWNza9vc2e3IOBWYtHHMYtHzkSSMctJWVDHSSwRBkc9I1x9dFX73jghJY36rxglxIzTgNKQYKS155oETITX0wyzNPYfpXIDqP9J9fuyZNathTQDniV2SGijR8sxPJ4hxGhGuMENS9m0rUW6GhKKYkbzqpJIkCI/QgPQ15Sgi0s0md+TwSCsBDGOhH1dwov5OZCiSchz5erJYUc56hfif109VeOFmlCepIhxPPwpTBlUMi1JgQAXBio01QVhQvSvEQyQQVrq6qi7Bnj15nnROGvZpw7o5qzUvyzoqYB8cgjqwwTlogmvQAm2AwQN4Ai/g1Xg0no034306umCUmT3wB8bHN5SPmb8=</latexit>

(Photon wavelength cannot resolve electron wave function)

djk =

Z
�⇤
j (x)ex�k(x)dx

<latexit sha1_base64="G9HMFGMQcfAWq3Bq0i7rwqN4e1Q="></latexit>

Transition dipole moment:

g�jk ' �i
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2!�"0
(✏j � ✏k)u�(x0) · djk

<latexit sha1_base64="hgtxN3VKjZh/MdCV20ttvLXfVYY="></latexit>

[Exercise: show it]
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Interaction of electromagnetic fields with (artificial) atoms

k
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j
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Rotating wave approximation:  

u�(x)
<latexit sha1_base64="b+oOnMqD9DhNE32aq00q78uQp4o=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBHqpiQq6LLoxmUF+4AmhMlk0g6dTMLMRCwhOzf+ihsXirj1F9z5N07aCNp6YOBwzj3MvcdPGJXKsr6MhcWl5ZXVylp1fWNza9vc2e3IOBWYtHHMYtHzkSSMctJWVDHSSwRBkc9I1x9dFX73jghJY36rxglxIzTgNKQYKS155oETITX0wyzNPYfpXIDqP9J9fuyZNathTQDniV2SGijR8sxPJ4hxGhGuMENS9m0rUW6GhKKYkbzqpJIkCI/QgPQ15Sgi0s0md+TwSCsBDGOhH1dwov5OZCiSchz5erJYUc56hfif109VeOFmlCepIhxPPwpTBlUMi1JgQAXBio01QVhQvSvEQyQQVrq6qi7Bnj15nnROGvZpw7o5qzUvyzoqYB8cgjqwwTlogmvQAm2AwQN4Ai/g1Xg0no034306umCUmT3wB8bHN5SPmb8=</latexit>
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Rotating frame:
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Û = e�i(Ĥel+Ĥfield)t
<latexit sha1_base64="g8ESWFr7vOAl1cr/OWiFmhTJnsY=">AAACHnicbVDLSgNBEJz1GeMr6tHLYBAUMez6QC9C0EuOEYwJJDHMTnrNkNkHM71CWPZLvPgrXjwoInjSv3GyycFECxpqqrqZ7nIjKTTa9rc1Mzs3v7CYW8ovr6yurRc2Nm91GCsONR7KUDVcpkGKAGooUEIjUsB8V0Ld7V8N/foDKC3C4AYHEbR9dh8IT3CGRuoUTls9hkktvYC75FDsZa9K2klayqcg04MJwRMgu+k+pp1C0S7ZGehf4oxJkYxR7RQ+W92Qxz4EyCXTuunYEbYTplBwCWm+FWuIGO+ze2gaGjAfdDvJzkvprlG61AuVqQBppv6eSJiv9cB3TafPsKenvaH4n9eM0TtvJyKIYoSAjz7yYkkxpMOsaFco4CgHhjCuhNmV8h5TjKNJNG9CcKZP/ktuj0rOccm+PimWL8dx5Mg22SF7xCFnpEwqpEpqhJNH8kxeyZv1ZL1Y79bHqHXGGs9skQlYXz8M3KMO</latexit>

Ĥint '
X

✏j>✏k,�

ĉ
†
j ĉkg�jkâ�e

�i(!��✏j+✏k)t + h.c.

<latexit sha1_base64="VN/Pd9CJ/l9peL07x5KGu+Gd2Pc="></latexit>

Neglect non-energy-conserving processes: oscillating fast  
(valid close enough to resonance)

e�i(!�+✏j�✏k)t
<latexit sha1_base64="BnqhYb4tBkm+r87H2DeU1XlsbMQ=">AAACFnicbVDLSsNAFJ3UV62vqEs3wSJUpCVRQZdFNy4r2Ac0MUwmN+3YyYOZiVBCv8KNv+LGhSJuxZ1/47QNoq0HBg7n3MOde7yEUSFN80srLCwuLa8UV0tr6xubW/r2TkvEKSfQJDGLecfDAhiNoCmpZNBJOODQY9D2Bpdjv30PXNA4upHDBJwQ9yIaUIKlkly9CrdZlVbsOIQedm2mkj4+siERlCn/rvpDB4dy5Opls2ZOYMwTKydllKPh6p+2H5M0hEgShoXoWmYinQxzSQmDUclOBSSYDHAPuopGOAThZJOzRsaBUnwjiLl6kTQm6u9EhkMhhqGnJkMs+2LWG4v/ed1UBudORqMklRCR6aIgZYaMjXFHhk85EMmGimDCqfqrQfqYYyJVkyVVgjV78jxpHdesk5p5fVquX+R1FNEe2kcVZKEzVEdXqIGaiKAH9IRe0Kv2qD1rb9r7dLSg5Zld9AfaxzeJPZ+d</latexit> |ki

<latexit sha1_base64="FGzWOBIszCMqwImLU2kD49tBCxM=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cK9kPaUDbbSbt0swm7G6HE/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+W9GSfoR3QgecgZNVZ6eBp1FZUDgb1yxa26M5Bl4uWkAjnqvfJXtx+zNEJpmKBadzw3MX5GleFM4KTUTTUmlI3oADuWShqh9rPZwRNyYpU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjlZ1wmqUHJ5ovCVBATk+n3pM8VMiPGllCmuL2VsCFVlBmbUcmG4C2+vEyaZ1XvvOreXVRq13kcRTiCYzgFDy6hBrdQhwYwiOAZXuHNUc6L8+58zFsLTj5zCH/gfP4AEOuQkg==</latexit>

|ji
<latexit sha1_base64="5HjoS5uzSu0LSVPAi5j/5D8j9hM=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KokKeix68VjBfkgbymY7adduNmF3I5TYX+HFgyJe/Tne/Ddu2xy09cHA470ZZuYFieDauO63s7S8srq2Xtgobm5t7+yW9vYbOk4VwzqLRaxaAdUouMS64UZgK1FIo0BgMxheT/zmIyrNY3lnRgn6Ee1LHnJGjZXunx46isq+wG6p7FbcKcgi8XJShhy1bumr04tZGqE0TFCt256bGD+jynAmcFzspBoTyoa0j21LJY1Q+9n04DE5tkqPhLGyJQ2Zqr8nMhppPYoC2xlRM9Dz3kT8z2unJrz0My6T1KBks0VhKoiJyeR70uMKmREjSyhT3N5K2IAqyozNqGhD8OZfXiSN04p3VnFvz8vVqzyOAhzCEZyABxdQhRuoQR0YRPAMr/DmKOfFeXc+Zq1LTj5zAH/gfP4AD2CQkQ==</latexit>

!�
<latexit sha1_base64="+nYLyaBzMyZlPGePtekV80n4Dkc=">AAAB9XicdVDLSgMxFM3UV62vqks3wSK4GjJtHdtd0Y3LCvYBnbFkMmkbmpkMSUYpQ//DjQtF3Pov7vwb04egogcCh3Pu4d6cIOFMaYQ+rNzK6tr6Rn6zsLW9s7tX3D9oK5FKQltEcCG7AVaUs5i2NNOcdhNJcRRw2gnGlzO/c0elYiK+0ZOE+hEexmzACNZGuvVERIe473GTCHG/WEJ2vY6qjguRfYZQ2a0bgirlmutCx0ZzlMASzX7x3QsFSSMaa8KxUj0HJdrPsNSMcDoteKmiCSZjPKQ9Q2McUeVn86un8MQoIRwIaV6s4Vz9nshwpNQkCsxkhPVI/fZm4l9eL9WDmp+xOEk1jcli0SDlUAs4qwCGTFKi+cQQTCQzt0IywhITbYoqmBK+fgr/J+2y7VRsdF0tNS6WdeTBETgGp8AB56ABrkATtAABEjyAJ/Bs3VuP1ov1uhjNWcvMIfgB6+0T+06S1Q==</latexit>



|  Francesco Piazza 21

Quantifying the strength of light-matter coupling

k
<latexit sha1_base64="NC002xO40Ln+zQOmeKzdOiVh5iw=">AAAB6HicdVDLSsNAFJ3UV62vqks3g0VwFSYxtHVXdOOyBfuANpTJdNKOnUzCzEQooV/gxoUibv0kd/6Nk7aCih64cDjnXu69J0g4UxqhD6uwtr6xuVXcLu3s7u0flA+POipOJaFtEvNY9gKsKGeCtjXTnPYSSXEUcNoNpte5372nUrFY3OpZQv0IjwULGcHaSK3psFxB9mW96npViGyEao7r5MSteRcedIySowJWaA7L74NRTNKICk04VqrvoET7GZaaEU7npUGqaILJFI9p31CBI6r8bHHoHJ4ZZQTDWJoSGi7U7xMZjpSaRYHpjLCeqN9eLv7l9VMd1v2MiSTVVJDlojDlUMcw/xqOmKRE85khmEhmboVkgiUm2mRTMiF8fQr/Jx3Xdi5s1PIqjatVHEVwAk7BOXBADTTADWiCNiCAggfwBJ6tO+vRerFel60FazVzDH7AevsEM02NMw==</latexit>

j
<latexit sha1_base64="y7YZ3D3BusY5DOLUGJEZhHY5HzU=">AAAB6HicdVDLSgMxFM3UV62vqks3wSK4GjLt0NZd0Y3LFuwD2qFk0kybNpMZkoxQhn6BGxeKuPWT3Pk3ZtoKKnrgwuGce7n3Hj/mTGmEPqzcxubW9k5+t7C3f3B4VDw+6agokYS2ScQj2fOxopwJ2tZMc9qLJcWhz2nXn91kfveeSsUicafnMfVCPBYsYARrI7Wmw2IJ2Vf1atmtQmQjVHPKTkbKNbfiQscoGUpgjeaw+D4YRSQJqdCEY6X6Doq1l2KpGeF0URgkisaYzPCY9g0VOKTKS5eHLuCFUUYwiKQpoeFS/T6R4lCpeeibzhDrifrtZeJfXj/RQd1LmYgTTQVZLQoSDnUEs6/hiElKNJ8bgolk5lZIJlhiok02BRPC16fwf9Ip207FRi231Lhex5EHZ+AcXAIH1EAD3IImaAMCKHgAT+DZmlqP1ov1umrNWeuZU/AD1tsnMcmNMg==</latexit>

|ki
<latexit sha1_base64="FGzWOBIszCMqwImLU2kD49tBCxM=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cK9kPaUDbbSbt0swm7G6HE/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+W9GSfoR3QgecgZNVZ6eBp1FZUDgb1yxa26M5Bl4uWkAjnqvfJXtx+zNEJpmKBadzw3MX5GleFM4KTUTTUmlI3oADuWShqh9rPZwRNyYpU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjlZ1wmqUHJ5ovCVBATk+n3pM8VMiPGllCmuL2VsCFVlBmbUcmG4C2+vEyaZ1XvvOreXVRq13kcRTiCYzgFDy6hBrdQhwYwiOAZXuHNUc6L8+58zFsLTj5zCH/gfP4AEOuQkg==</latexit>

|ji
<latexit sha1_base64="5HjoS5uzSu0LSVPAi5j/5D8j9hM=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KokKeix68VjBfkgbymY7adduNmF3I5TYX+HFgyJe/Tne/Ddu2xy09cHA470ZZuYFieDauO63s7S8srq2Xtgobm5t7+yW9vYbOk4VwzqLRaxaAdUouMS64UZgK1FIo0BgMxheT/zmIyrNY3lnRgn6Ee1LHnJGjZXunx46isq+wG6p7FbcKcgi8XJShhy1bumr04tZGqE0TFCt256bGD+jynAmcFzspBoTyoa0j21LJY1Q+9n04DE5tkqPhLGyJQ2Zqr8nMhppPYoC2xlRM9Dz3kT8z2unJrz0My6T1KBks0VhKoiJyeR70uMKmREjSyhT3N5K2IAqyozNqGhD8OZfXiSN04p3VnFvz8vVqzyOAhzCEZyABxdQhRuoQR0YRPAMr/DmKOfFeXc+Zq1LTj5zAH/gfP4AD2CQkQ==</latexit>

!�
<latexit sha1_base64="+nYLyaBzMyZlPGePtekV80n4Dkc=">AAAB9XicdVDLSgMxFM3UV62vqks3wSK4GjJtHdtd0Y3LCvYBnbFkMmkbmpkMSUYpQ//DjQtF3Pov7vwb04egogcCh3Pu4d6cIOFMaYQ+rNzK6tr6Rn6zsLW9s7tX3D9oK5FKQltEcCG7AVaUs5i2NNOcdhNJcRRw2gnGlzO/c0elYiK+0ZOE+hEexmzACNZGuvVERIe473GTCHG/WEJ2vY6qjguRfYZQ2a0bgirlmutCx0ZzlMASzX7x3QsFSSMaa8KxUj0HJdrPsNSMcDoteKmiCSZjPKQ9Q2McUeVn86un8MQoIRwIaV6s4Vz9nshwpNQkCsxkhPVI/fZm4l9eL9WDmp+xOEk1jcli0SDlUAs4qwCGTFKi+cQQTCQzt0IywhITbYoqmBK+fgr/J+2y7VRsdF0tNS6WdeTBETgGp8AB56ABrkATtAABEjyAJ/Bs3VuP1ov1uhjNWcvMIfgB6+0T+06S1Q==</latexit>

Susceptibility 
Measures the linear response  
of the material to a photon

Materials degrees of freedom modelled a 
set of transitions (e.g. electron orbitals in atom) 

u�(x)
<latexit sha1_base64="b+oOnMqD9DhNE32aq00q78uQp4o=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBHqpiQq6LLoxmUF+4AmhMlk0g6dTMLMRCwhOzf+ihsXirj1F9z5N07aCNp6YOBwzj3MvcdPGJXKsr6MhcWl5ZXVylp1fWNza9vc2e3IOBWYtHHMYtHzkSSMctJWVDHSSwRBkc9I1x9dFX73jghJY36rxglxIzTgNKQYKS155oETITX0wyzNPYfpXIDqP9J9fuyZNathTQDniV2SGijR8sxPJ4hxGhGuMENS9m0rUW6GhKKYkbzqpJIkCI/QgPQ15Sgi0s0md+TwSCsBDGOhH1dwov5OZCiSchz5erJYUc56hfif109VeOFmlCepIhxPPwpTBlUMi1JgQAXBio01QVhQvSvEQyQQVrq6qi7Bnj15nnROGvZpw7o5qzUvyzoqYB8cgjqwwTlogmvQAm2AwQN4Ai/g1Xg0no034306umCUmT3wB8bHN5SPmb8=</latexit>

�(!�) =
X

jk

(nk � nj)
��hk|V pert

� |ji
��2

!� � ✏j + ✏k + i�jk
<latexit sha1_base64="y6JFXxdam1b5c2e6fj+ksAwyQAI="></latexit>

• Must vanish for equally populated states 

• Must have a maximum on resonance 

• Must contain the interaction matrix-element 

• Width of the transition set by 

nj = nk
<latexit sha1_base64="kAxNN9+tTVZ6T3EQfODuMb2YfNs=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0ItQ9OKxgv2ANoTNdtOu2eyG3Y1QQn+EFw+KePX3ePPfuG1z0NYHA4/3ZpiZF6acaeO6305pZXVtfaO8Wdna3tndq+4ftLXMFKEtIrlU3RBrypmgLcMMp91UUZyEnHbC+Hbqd56o0kyKBzNOqZ/goWARI9hYqSOCx2sRxEG15tbdGdAy8QpSgwLNoPrVH0iSJVQYwrHWPc9NjZ9jZRjhdFLpZ5qmmMR4SHuWCpxQ7eezcyfoxCoDFEllSxg0U39P5DjRepyEtjPBZqQXvan4n9fLTHTl50ykmaGCzBdFGUdGounvaMAUJYaPLcFEMXsrIiOsMDE2oYoNwVt8eZm0z+reed29v6g1boo4ynAEx3AKHlxCA+6gCS0gEMMzvMKbkzovzrvzMW8tOcXMIfyB8/kDI32Pbg==</latexit>

!� = ✏j � ✏k
<latexit sha1_base64="Zszi7QZ4bQzdHoRFLCBExKtpDjI=">AAACDXicbVDLSsNAFJ34rPUVdekmWAU3lkQF3QhFNy4r2Ac0IUwmN+3YSSbMTIQS+gNu/BU3LhRx696df+O0DaKtBwYO59zDnXuClFGpbPvLmJtfWFxaLq2UV9fWNzbNre2m5Jkg0CCccdEOsARGE2goqhi0UwE4Dhi0gv7VyG/dg5CUJ7dqkIIX425CI0qw0pJv7rs8hi72XaYzIb5wIZWUaefu6If2fbNiV+0xrFniFKSCCtR989MNOcliSBRhWMqOY6fKy7FQlDAYlt1MQopJH3eho2mCY5BePr5maB1oJbQiLvRLlDVWfydyHEs5iAM9GWPVk9PeSPzP62QqOvdymqSZgoRMFkUZsxS3RtVYIRVAFBtogomg+q8W6WGBidIFlnUJzvTJs6R5XHVOqvbNaaV2WdRRQrtoDx0iB52hGrpGddRABD2gJ/SCXo1H49l4M94no3NGkdlBf2B8fAMqXZw/</latexit>

hk|V pert
� |ji = g�kj = � e

m

r
1

2!�"0

Z
�⇤
k(x)[u�(x) · p]�j(x)dx

<latexit sha1_base64="G1Vp75wKvXIfF2xkvLOZMeaa/qQ="></latexit>

�jk
<latexit sha1_base64="EkW+m3WlhRBvhAb9GfA8BZ3/Cv4=">AAAB8nicbVDLSgNBEOz1GeMr6tHLYBA8hV0V9Bj04jGCecBmCbOT2WTMPJaZWSEs+QwvHhTx6td482+cJHvQxIKGoqqb7q445cxY3//2VlbX1jc2S1vl7Z3dvf3KwWHLqEwT2iSKK92JsaGcSdq0zHLaSTXFIua0HY9up377iWrDlHyw45RGAg8kSxjB1klhd4CFwL38cTTpVap+zZ8BLZOgIFUo0OhVvrp9RTJBpSUcGxMGfmqjHGvLCKeTcjczNMVkhAc0dFRiQU2Uz06eoFOn9FGitCtp0Uz9PZFjYcxYxK5TYDs0i95U/M8LM5tcRzmTaWapJPNFScaRVWj6P+ozTYnlY0cw0czdisgQa0ysS6nsQggWX14mrfNacFHz7y+r9ZsijhIcwwmcQQBXUIc7aEATCCh4hld486z34r17H/PWFa+YOYI/8D5/AJtCkXU=</latexit>



|  Francesco Piazza 22

Quantifying the strength of light-matter coupling

k
<latexit sha1_base64="NC002xO40Ln+zQOmeKzdOiVh5iw=">AAAB6HicdVDLSsNAFJ3UV62vqks3g0VwFSYxtHVXdOOyBfuANpTJdNKOnUzCzEQooV/gxoUibv0kd/6Nk7aCih64cDjnXu69J0g4UxqhD6uwtr6xuVXcLu3s7u0flA+POipOJaFtEvNY9gKsKGeCtjXTnPYSSXEUcNoNpte5372nUrFY3OpZQv0IjwULGcHaSK3psFxB9mW96npViGyEao7r5MSteRcedIySowJWaA7L74NRTNKICk04VqrvoET7GZaaEU7npUGqaILJFI9p31CBI6r8bHHoHJ4ZZQTDWJoSGi7U7xMZjpSaRYHpjLCeqN9eLv7l9VMd1v2MiSTVVJDlojDlUMcw/xqOmKRE85khmEhmboVkgiUm2mRTMiF8fQr/Jx3Xdi5s1PIqjatVHEVwAk7BOXBADTTADWiCNiCAggfwBJ6tO+vRerFel60FazVzDH7AevsEM02NMw==</latexit>

j
<latexit sha1_base64="y7YZ3D3BusY5DOLUGJEZhHY5HzU=">AAAB6HicdVDLSgMxFM3UV62vqks3wSK4GjLt0NZd0Y3LFuwD2qFk0kybNpMZkoxQhn6BGxeKuPWT3Pk3ZtoKKnrgwuGce7n3Hj/mTGmEPqzcxubW9k5+t7C3f3B4VDw+6agokYS2ScQj2fOxopwJ2tZMc9qLJcWhz2nXn91kfveeSsUicafnMfVCPBYsYARrI7Wmw2IJ2Vf1atmtQmQjVHPKTkbKNbfiQscoGUpgjeaw+D4YRSQJqdCEY6X6Doq1l2KpGeF0URgkisaYzPCY9g0VOKTKS5eHLuCFUUYwiKQpoeFS/T6R4lCpeeibzhDrifrtZeJfXj/RQd1LmYgTTQVZLQoSDnUEs6/hiElKNJ8bgolk5lZIJlhiok02BRPC16fwf9Ip207FRi231Lhex5EHZ+AcXAIH1EAD3IImaAMCKHgAT+DZmlqP1ov1umrNWeuZU/AD1tsnMcmNMg==</latexit>

|ki
<latexit sha1_base64="FGzWOBIszCMqwImLU2kD49tBCxM=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cK9kPaUDbbSbt0swm7G6HE/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+W9GSfoR3QgecgZNVZ6eBp1FZUDgb1yxa26M5Bl4uWkAjnqvfJXtx+zNEJpmKBadzw3MX5GleFM4KTUTTUmlI3oADuWShqh9rPZwRNyYpU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjlZ1wmqUHJ5ovCVBATk+n3pM8VMiPGllCmuL2VsCFVlBmbUcmG4C2+vEyaZ1XvvOreXVRq13kcRTiCYzgFDy6hBrdQhwYwiOAZXuHNUc6L8+58zFsLTj5zCH/gfP4AEOuQkg==</latexit>

|ji
<latexit sha1_base64="5HjoS5uzSu0LSVPAi5j/5D8j9hM=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KokKeix68VjBfkgbymY7adduNmF3I5TYX+HFgyJe/Tne/Ddu2xy09cHA470ZZuYFieDauO63s7S8srq2Xtgobm5t7+yW9vYbOk4VwzqLRaxaAdUouMS64UZgK1FIo0BgMxheT/zmIyrNY3lnRgn6Ee1LHnJGjZXunx46isq+wG6p7FbcKcgi8XJShhy1bumr04tZGqE0TFCt256bGD+jynAmcFzspBoTyoa0j21LJY1Q+9n04DE5tkqPhLGyJQ2Zqr8nMhppPYoC2xlRM9Dz3kT8z2unJrz0My6T1KBks0VhKoiJyeR70uMKmREjSyhT3N5K2IAqyozNqGhD8OZfXiSN04p3VnFvz8vVqzyOAhzCEZyABxdQhRuoQR0YRPAMr/DmKOfFeXc+Zq1LTj5zAH/gfP4AD2CQkQ==</latexit>

!�
<latexit sha1_base64="+nYLyaBzMyZlPGePtekV80n4Dkc=">AAAB9XicdVDLSgMxFM3UV62vqks3wSK4GjJtHdtd0Y3LCvYBnbFkMmkbmpkMSUYpQ//DjQtF3Pov7vwb04egogcCh3Pu4d6cIOFMaYQ+rNzK6tr6Rn6zsLW9s7tX3D9oK5FKQltEcCG7AVaUs5i2NNOcdhNJcRRw2gnGlzO/c0elYiK+0ZOE+hEexmzACNZGuvVERIe473GTCHG/WEJ2vY6qjguRfYZQ2a0bgirlmutCx0ZzlMASzX7x3QsFSSMaa8KxUj0HJdrPsNSMcDoteKmiCSZjPKQ9Q2McUeVn86un8MQoIRwIaV6s4Vz9nshwpNQkCsxkhPVI/fZm4l9eL9WDmp+xOEk1jcli0SDlUAs4qwCGTFKi+cQQTCQzt0IywhITbYoqmBK+fgr/J+2y7VRsdF0tNS6WdeTBETgGp8AB56ABrkATtAABEjyAJ/Bs3VuP1ov1uhjNWcvMIfgB6+0T+06S1Q==</latexit>

Materials degrees of freedom modelled a 
set of transitions (e.g. electron orbitals in atom) 

u�(x)
<latexit sha1_base64="b+oOnMqD9DhNE32aq00q78uQp4o=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBHqpiQq6LLoxmUF+4AmhMlk0g6dTMLMRCwhOzf+ihsXirj1F9z5N07aCNp6YOBwzj3MvcdPGJXKsr6MhcWl5ZXVylp1fWNza9vc2e3IOBWYtHHMYtHzkSSMctJWVDHSSwRBkc9I1x9dFX73jghJY36rxglxIzTgNKQYKS155oETITX0wyzNPYfpXIDqP9J9fuyZNathTQDniV2SGijR8sxPJ4hxGhGuMENS9m0rUW6GhKKYkbzqpJIkCI/QgPQ15Sgi0s0md+TwSCsBDGOhH1dwov5OZCiSchz5erJYUc56hfif109VeOFmlCepIhxPPwpTBlUMi1JgQAXBio01QVhQvSvEQyQQVrq6qi7Bnj15nnROGvZpw7o5qzUvyzoqYB8cgjqwwTlogmvQAm2AwQN4Ai/g1Xg0no034306umCUmT3wB8bHN5SPmb8=</latexit>

Cooperativity 
Dimensionless measure of  

Light-matter coupling

Dimension of a frequency

Multiply susceptibility 
by characteristic interaction time 

C(!�) = �(!�)⌧int
<latexit sha1_base64="qyktcKVKLofCQ2kg41qW3+hCzII=">AAACHXicbVDLSgMxFM34rPVVdekmWATdlBkVdCOI3bisYFuhU4Y7adoGk8yQ3BHK0B9x46+4caGICzfi35g+Flo9EDiccw8398SpFBZ9/8ubm19YXFourBRX19Y3Nktb2w2bZIbxOktkYm5jsFwKzesoUPLb1HBQseTN+K468pv33FiR6BscpLytoKdFVzBAJ0Wlk+pBmCjegyiULtWBw/OQ9cWsGCJkUR4aRYXGYVQq+xV/DPqXBFNSJlPUotJH2ElYprhGJsHaVuCn2M7BoGCSD4thZnkK7A56vOWoBsVtOx9fN6T7TunQbmLc00jH6s9EDsragYrdpALs21lvJP7ntTLsnrVzodMMuWaTRd1MUkzoqCraEYYzlANHgBnh/kpZHwwwdIUWXQnB7Ml/SeOoEhxX/OuT8sXltI4C2SV75IAE5JRckCtSI3XCyAN5Ii/k1Xv0nr03730yOudNMzvkF7zPb0KHogw=</latexit>

Susceptibility 
Measures the linear response  
of the material to a photon

�(!�) =
X

jk

(nk � nj)
��hk|V pert

� |ji
��2

!� � ✏j + ✏k + i�jk
<latexit sha1_base64="y6JFXxdam1b5c2e6fj+ksAwyQAI="></latexit>
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Quantifying the strength of light-matter coupling: atom in free space

Cooperativity 
Dimensionless measure of  

Light-matter coupling

Multiply susceptibility 
by characteristic interaction time 

C(!�) = �(!�)⌧int
<latexit sha1_base64="qyktcKVKLofCQ2kg41qW3+hCzII=">AAACHXicbVDLSgMxFM34rPVVdekmWATdlBkVdCOI3bisYFuhU4Y7adoGk8yQ3BHK0B9x46+4caGICzfi35g+Flo9EDiccw8398SpFBZ9/8ubm19YXFourBRX19Y3Nktb2w2bZIbxOktkYm5jsFwKzesoUPLb1HBQseTN+K468pv33FiR6BscpLytoKdFVzBAJ0Wlk+pBmCjegyiULtWBw/OQ9cWsGCJkUR4aRYXGYVQq+xV/DPqXBFNSJlPUotJH2ElYprhGJsHaVuCn2M7BoGCSD4thZnkK7A56vOWoBsVtOx9fN6T7TunQbmLc00jH6s9EDsragYrdpALs21lvJP7ntTLsnrVzodMMuWaTRd1MUkzoqCraEYYzlANHgBnh/kpZHwwwdIUWXQnB7Ml/SeOoEhxX/OuT8sXltI4C2SV75IAE5JRckCtSI3XCyAN5Ii/k1Xv0nr03730yOudNMzvkF7zPb0KHogw=</latexit>

!�
<latexit sha1_base64="+nYLyaBzMyZlPGePtekV80n4Dkc=">AAAB9XicdVDLSgMxFM3UV62vqks3wSK4GjJtHdtd0Y3LCvYBnbFkMmkbmpkMSUYpQ//DjQtF3Pov7vwb04egogcCh3Pu4d6cIOFMaYQ+rNzK6tr6Rn6zsLW9s7tX3D9oK5FKQltEcCG7AVaUs5i2NNOcdhNJcRRw2gnGlzO/c0elYiK+0ZOE+hEexmzACNZGuvVERIe473GTCHG/WEJ2vY6qjguRfYZQ2a0bgirlmutCx0ZzlMASzX7x3QsFSSMaa8KxUj0HJdrPsNSMcDoteKmiCSZjPKQ9Q2McUeVn86un8MQoIRwIaV6s4Vz9nshwpNQkCsxkhPVI/fZm4l9eL9WDmp+xOEk1jcli0SDlUAs4qwCGTFKi+cQQTCQzt0IywhITbYoqmBK+fgr/J+2y7VRsdF0tNS6WdeTBETgGp8AB56ABrkATtAABEjyAJ/Bs3VuP1ov1uhjNWcvMIfgB6+0T+06S1Q==</latexit>

|1i
<latexit sha1_base64="9H3WAZgx5zOt2UN45FrAtZuB+3M=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6LHoxWMF+yFtKJvtpF26uwm7G6HE/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvTDjTxvO+ncLK6tr6RnGztLW9s7tX3j9o6jhVFBs05rFqh0QjZxIbhhmO7UQhESHHVji6mfqtR1SaxfLejBMMBBlIFjFKjJUenvyuInLAsVeueFVvBneZ+DmpQI56r/zV7cc0FSgN5UTrju8lJsiIMoxynJS6qcaE0BEZYMdSSQTqIJsdPHFPrNJ3o1jZksadqb8nMiK0HovQdgpihnrRm4r/eZ3URFdBxmSSGpR0vihKuWtid/q922cKqeFjSwhVzN7q0iFRhBqbUcmG4C++vEyaZ1X/vOrdXVRq13kcRTiCYzgFHy6hBrdQhwZQEPAMr/DmKOfFeXc+5q0FJ585hD9wPn8At16QWA==</latexit>

|2i
<latexit sha1_base64="f7gfOzHNsI368ylKyzDh5+SwVjI=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGC/ZA2lM120i7dbMLuRiixv8KLB0W8+nO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LejBP0IzqQPOSMGis9PFW7isqBwF6p7FbcGcgy8XJShhz1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns4Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfR70ucKmRFjSyhT3N5K2JAqyozNqGhD8BZfXibNasU7r7h3F+XadR5HAY7hBM7Ag0uowS3UoQEMIniGV3hzlPPivDsf89YVJ585gj9wPn8AuOmQWQ==</latexit>

�
<latexit sha1_base64="wBA8+k/iEt+dSRWUIDRZZttjRFk=">AAAB7XicdVDLSsNAFJ3UV62vqks3g0VwFZI0tHVXdOOygn1AG8pkOmnHzkzCzEQoof/gxoUibv0fd/6Nk7aCih64cDjnXu69J0wYVdpxPqzC2vrG5lZxu7Szu7d/UD486qg4lZi0ccxi2QuRIowK0tZUM9JLJEE8ZKQbTq9yv3tPpKKxuNWzhAQcjQWNKEbaSJ3BGHGOhuWKY180ap5fg47tOHXXc3Pi1f2qD12j5KiAFVrD8vtgFOOUE6ExQ0r1XSfRQYakppiReWmQKpIgPEVj0jdUIE5UkC2uncMzo4xgFEtTQsOF+n0iQ1ypGQ9NJ0d6on57ufiX10911AgyKpJUE4GXi6KUQR3D/HU4opJgzWaGICypuRXiCZIIaxNQyYTw9Sn8n3Q8263azo1faV6u4iiCE3AKzoEL6qAJrkELtAEGd+ABPIFnK7YerRfrddlasFYzx+AHrLdP56SPWQ==</latexit>u�(x) =

e�p
Ld2

eik�·x

<latexit sha1_base64="sa26uhi+Rh2A4JUHRfFSTJn/CmY="></latexit>

L
<latexit sha1_base64="xJjU4qPtZN40/6c9c3QRwdxbBV0=">AAAB6HicdVDJSgNBEO1xjXGLevTSGARPQ08Sx+QW9OLBQwJmgWQIPZ2apE3PQnePEEK+wIsHRbz6Sd78GzuLoKIPCh7vVVFVz08EV5qQD2tldW19YzOzld3e2d3bzx0cNlWcSgYNFotYtn2qQPAIGpprAe1EAg19AS1/dDXzW/cgFY+jWz1OwAvpIOIBZ1QbqX7Ty+WJXamQkuNiYp8TUnArhpBioey62LHJHHm0RK2Xe+/2Y5aGEGkmqFIdhyTam1CpORMwzXZTBQllIzqAjqERDUF5k/mhU3xqlD4OYmkq0niufp+Y0FCpceibzpDqofrtzcS/vE6qg7I34VGSaojYYlGQCqxjPPsa97kEpsXYEMokN7diNqSSMm2yyZoQvj7F/5NmwXaKNqmX8tXLZRwZdIxO0Bly0AWqomtUQw3EEKAH9ISerTvr0XqxXhetK9Zy5gj9gPX2CRJLjR4=</latexit>

d
<latexit sha1_base64="fDIOYQbeQvM1L2AR7gKiXPRyZVU=">AAAB6HicdVDLSgMxFM3UV62vqks3wSK4GjJtHdtd0Y3LFuwD2qFkMpk2NpMZkoxQhn6BGxeKuPWT3Pk3pg9BRQ9cOJxzL/fe4yecKY3Qh5VbW9/Y3MpvF3Z29/YPiodHHRWnktA2iXksez5WlDNB25ppTnuJpDjyOe36k+u5372nUrFY3OppQr0IjwQLGcHaSK1gWCwhu15HVceFyL5AqOzWDUGVcs11oWOjBUpgheaw+D4IYpJGVGjCsVJ9ByXay7DUjHA6KwxSRRNMJnhE+4YKHFHlZYtDZ/DMKAEMY2lKaLhQv09kOFJqGvmmM8J6rH57c/Evr5/qsOZlTCSppoIsF4UphzqG869hwCQlmk8NwUQycyskYywx0Sabggnh61P4P+mUbadio1a11LhaxZEHJ+AUnAMHXIIGuAFN0AYEUPAAnsCzdWc9Wi/W67I1Z61mjsEPWG+fNquNNg==</latexit>

g� '
r

1

2!�"0Ld2
!12d̃12

<latexit sha1_base64="55k8Ya9BMKTCvxMBZJHYuJzfEzU="></latexit>

⌧int =
L

c
<latexit sha1_base64="CiQWonimpLA1u2zVU82EcJq2PBs=">AAACA3icbVBNS8NAEN34WetX1JteFovgqSQq6EUoevHgoYL9gCaUzXbTLt1swu5EKCHgxb/ixYMiXv0T3vw3btsctPXBwOO9GWbmBYngGhzn21pYXFpeWS2tldc3Nre27Z3dpo5TRVmDxiJW7YBoJrhkDeAgWDtRjESBYK1geD32Ww9MaR7LexglzI9IX/KQUwJG6tr7HpC0m3kqwlxCfumFitDsNs9o3rUrTtWZAM8TtyAVVKDetb+8XkzTiEmggmjdcZ0E/Iwo4FSwvOylmiWEDkmfdQyVJGLazyY/5PjIKD0cxsqUBDxRf09kJNJ6FAWmMyIw0LPeWPzP66QQXvgZl0kKTNLpojAVGGI8DgT3uGIUxMgQQhU3t2I6ICYFMLGVTQju7MvzpHlSdU+rzt1ZpXZVxFFCB+gQHSMXnaMaukF11EAUPaJn9IrerCfrxXq3PqatC1Yxs4f+wPr8AaT2mCg=</latexit>

Dimension of a frequency

Susceptibility 
Measures the linear response  
of the material to a photon

�(!�) =
X

jk

(nk � nj)
��hk|V pert

� |ji
��2

!� � ✏j + ✏k + i�jk
<latexit sha1_base64="y6JFXxdam1b5c2e6fj+ksAwyQAI="></latexit>
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Cooperativity

!�
<latexit sha1_base64="+nYLyaBzMyZlPGePtekV80n4Dkc=">AAAB9XicdVDLSgMxFM3UV62vqks3wSK4GjJtHdtd0Y3LCvYBnbFkMmkbmpkMSUYpQ//DjQtF3Pov7vwb04egogcCh3Pu4d6cIOFMaYQ+rNzK6tr6Rn6zsLW9s7tX3D9oK5FKQltEcCG7AVaUs5i2NNOcdhNJcRRw2gnGlzO/c0elYiK+0ZOE+hEexmzACNZGuvVERIe473GTCHG/WEJ2vY6qjguRfYZQ2a0bgirlmutCx0ZzlMASzX7x3QsFSSMaa8KxUj0HJdrPsNSMcDoteKmiCSZjPKQ9Q2McUeVn86un8MQoIRwIaV6s4Vz9nshwpNQkCsxkhPVI/fZm4l9eL9WDmp+xOEk1jcli0SDlUAs4qwCGTFKi+cQQTCQzt0IywhITbYoqmBK+fgr/J+2y7VRsdF0tNS6WdeTBETgGp8AB56ABrkATtAABEjyAJ/Bs3VuP1ov1uhjNWcvMIfgB6+0T+06S1Q==</latexit>

|1i
<latexit sha1_base64="9H3WAZgx5zOt2UN45FrAtZuB+3M=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6LHoxWMF+yFtKJvtpF26uwm7G6HE/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvTDjTxvO+ncLK6tr6RnGztLW9s7tX3j9o6jhVFBs05rFqh0QjZxIbhhmO7UQhESHHVji6mfqtR1SaxfLejBMMBBlIFjFKjJUenvyuInLAsVeueFVvBneZ+DmpQI56r/zV7cc0FSgN5UTrju8lJsiIMoxynJS6qcaE0BEZYMdSSQTqIJsdPHFPrNJ3o1jZksadqb8nMiK0HovQdgpihnrRm4r/eZ3URFdBxmSSGpR0vihKuWtid/q922cKqeFjSwhVzN7q0iFRhBqbUcmG4C++vEyaZ1X/vOrdXVRq13kcRTiCYzgFHy6hBrdQhwZQEPAMr/DmKOfFeXc+5q0FJ585hD9wPn8At16QWA==</latexit>

|2i
<latexit sha1_base64="f7gfOzHNsI368ylKyzDh5+SwVjI=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGC/ZA2lM120i7dbMLuRiixv8KLB0W8+nO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LejBP0IzqQPOSMGis9PFW7isqBwF6p7FbcGcgy8XJShhz1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns4Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfR70ucKmRFjSyhT3N5K2JAqyozNqGhD8BZfXibNasU7r7h3F+XadR5HAY7hBM7Ag0uowS3UoQEMIniGV3hzlPPivDsf89YVJ585gj9wPn8AuOmQWQ==</latexit>

�
<latexit sha1_base64="wBA8+k/iEt+dSRWUIDRZZttjRFk=">AAAB7XicdVDLSsNAFJ3UV62vqks3g0VwFZI0tHVXdOOygn1AG8pkOmnHzkzCzEQoof/gxoUibv0fd/6Nk7aCih64cDjnXu69J0wYVdpxPqzC2vrG5lZxu7Szu7d/UD486qg4lZi0ccxi2QuRIowK0tZUM9JLJEE8ZKQbTq9yv3tPpKKxuNWzhAQcjQWNKEbaSJ3BGHGOhuWKY180ap5fg47tOHXXc3Pi1f2qD12j5KiAFVrD8vtgFOOUE6ExQ0r1XSfRQYakppiReWmQKpIgPEVj0jdUIE5UkC2uncMzo4xgFEtTQsOF+n0iQ1ypGQ9NJ0d6on57ufiX10911AgyKpJUE4GXi6KUQR3D/HU4opJgzWaGICypuRXiCZIIaxNQyYTw9Sn8n3Q8263azo1faV6u4iiCE3AKzoEL6qAJrkELtAEGd+ABPIFnK7YerRfrddlasFYzx+AHrLdP56SPWQ==</latexit>u�(x) =

e�p
Ld2

eik�·x

<latexit sha1_base64="sa26uhi+Rh2A4JUHRfFSTJn/CmY="></latexit>

L
<latexit sha1_base64="xJjU4qPtZN40/6c9c3QRwdxbBV0=">AAAB6HicdVDJSgNBEO1xjXGLevTSGARPQ08Sx+QW9OLBQwJmgWQIPZ2apE3PQnePEEK+wIsHRbz6Sd78GzuLoKIPCh7vVVFVz08EV5qQD2tldW19YzOzld3e2d3bzx0cNlWcSgYNFotYtn2qQPAIGpprAe1EAg19AS1/dDXzW/cgFY+jWz1OwAvpIOIBZ1QbqX7Ty+WJXamQkuNiYp8TUnArhpBioey62LHJHHm0RK2Xe+/2Y5aGEGkmqFIdhyTam1CpORMwzXZTBQllIzqAjqERDUF5k/mhU3xqlD4OYmkq0niufp+Y0FCpceibzpDqofrtzcS/vE6qg7I34VGSaojYYlGQCqxjPPsa97kEpsXYEMokN7diNqSSMm2yyZoQvj7F/5NmwXaKNqmX8tXLZRwZdIxO0Bly0AWqomtUQw3EEKAH9ISerTvr0XqxXhetK9Zy5gj9gPX2CRJLjR4=</latexit>

d
<latexit sha1_base64="fDIOYQbeQvM1L2AR7gKiXPRyZVU=">AAAB6HicdVDLSgMxFM3UV62vqks3wSK4GjJtHdtd0Y3LFuwD2qFkMpk2NpMZkoxQhn6BGxeKuPWT3Pk3pg9BRQ9cOJxzL/fe4yecKY3Qh5VbW9/Y3MpvF3Z29/YPiodHHRWnktA2iXksez5WlDNB25ppTnuJpDjyOe36k+u5372nUrFY3OppQr0IjwQLGcHaSK1gWCwhu15HVceFyL5AqOzWDUGVcs11oWOjBUpgheaw+D4IYpJGVGjCsVJ9ByXay7DUjHA6KwxSRRNMJnhE+4YKHFHlZYtDZ/DMKAEMY2lKaLhQv09kOFJqGvmmM8J6rH57c/Evr5/qsOZlTCSppoIsF4UphzqG869hwCQlmk8NwUQycyskYywx0Sabggnh61P4P+mUbadio1a11LhaxZEHJ+AUnAMHXIIGuAFN0AYEUPAAnsCzdWc9Wi/W67I1Z61mjsEPWG+fNquNNg==</latexit>

g� '
r

1

2!�"0Ld2
!12d̃12

<latexit sha1_base64="55k8Ya9BMKTCvxMBZJHYuJzfEzU="></latexit>

⌧int =
L

c
<latexit sha1_base64="CiQWonimpLA1u2zVU82EcJq2PBs=">AAACA3icbVBNS8NAEN34WetX1JteFovgqSQq6EUoevHgoYL9gCaUzXbTLt1swu5EKCHgxb/ixYMiXv0T3vw3btsctPXBwOO9GWbmBYngGhzn21pYXFpeWS2tldc3Nre27Z3dpo5TRVmDxiJW7YBoJrhkDeAgWDtRjESBYK1geD32Ww9MaR7LexglzI9IX/KQUwJG6tr7HpC0m3kqwlxCfumFitDsNs9o3rUrTtWZAM8TtyAVVKDetb+8XkzTiEmggmjdcZ0E/Iwo4FSwvOylmiWEDkmfdQyVJGLazyY/5PjIKD0cxsqUBDxRf09kJNJ6FAWmMyIw0LPeWPzP66QQXvgZl0kKTNLpojAVGGI8DgT3uGIUxMgQQhU3t2I6ICYFMLGVTQju7MvzpHlSdU+rzt1ZpXZVxFFCB+gQHSMXnaMaukF11EAUPaJn9IrerCfrxXq3PqatC1Yxs4f+wPr8AaT2mCg=</latexit>

Susceptibility 
Real part: coherent interaction (photon dispersion) 
Imag. part: incoherent interaction (photon absorption) 

Re�
<latexit sha1_base64="BqScnWBotxJFZTsWfZIEEGcQwq4=">AAAB+HicdVDLSgMxFM3UV62Pjrp0EyyCq5JUse2u6MZlFfuAzlAyadqGJjNDkhHq0C9x40IRt36KO//GTFtBRQ8EDufcyz05QSy4Ngh9OLmV1bX1jfxmYWt7Z7fo7u23dZQoylo0EpHqBkQzwUPWMtwI1o0VIzIQrBNMLjO/c8eU5lF4a6Yx8yUZhXzIKTFW6rtFTxIzVjK9YTOPjnnfLaEyQghjDDOCq+fIknq9VsE1iDPLogSWaPbdd28Q0USy0FBBtO5hFBs/JcpwKtis4CWaxYROyIj1LA2JZNpP58Fn8NgqAziMlH2hgXP1+0ZKpNZTGdjJLKb+7WXiX14vMcOan/IwTgwL6eLQMBHQRDBrAQ64YtSIqSWEKm6zQjomilBjuyrYEr5+Cv8n7UoZn5bR9VmpcbGsIw8OwRE4ARhUQQNcgSZoAQoS8ACewLNz7zw6L87rYjTnLHcOwA84b591K5Od</latexit>

Im�
<latexit sha1_base64="i9dIwg+dPhv9mYnnhGJwpVLbxCs=">AAAB+HicdVDLSsNAFJ3UV62PRl26GSyCq5C0oa27ohvdVbAPaEKZTCft0JkkzEyEGvolblwo4tZPceffOGkrqOiBgcM593LPnCBhVCrb/jAKa+sbm1vF7dLO7t5+2Tw47Mo4FZh0cMxi0Q+QJIxGpKOoYqSfCIJ4wEgvmF7mfu+OCEnj6FbNEuJzNI5oSDFSWhqaZY8jNRE8u+ZzD0/o0KzY1nmzXnXr0LZsu+FUnZxUG27NhY5WclTACu2h+e6NYpxyEinMkJQDx06UnyGhKGZkXvJSSRKEp2hMBppGiBPpZ4vgc3iqlREMY6FfpOBC/b6RIS7ljAd6Mo8pf3u5+Jc3SFXY9DMaJakiEV4eClMGVQzzFuCICoIVm2mCsKA6K8QTJBBWuquSLuHrp/B/0q1aTs2yb9xK62JVRxEcgxNwBhzQAC1wBdqgAzBIwQN4As/GvfFovBivy9GCsdo5Aj9gvH0ChrKTqA==</latexit>

!� � !12
<latexit sha1_base64="KY99Vv5QcaKBqfQLX2a4/Kk5yCs=">AAACA3icbVBLSwMxGMz6rPW16k0vwSJ4sexWQY9FLx4r2Ad0lyWbTdvQPJYkK5Sl4MW/4sWDIl79E978N6btHrR1IDCZ+YbkmzhlVBvP+3aWlldW19ZLG+XNre2dXXdvv6VlpjBpYsmk6sRIE0YFaRpqGOmkiiAeM9KOhzcTv/1AlKZS3JtRSkKO+oL2KEbGSpF7GEhO+igKmM0k6Ky45n5tHLkVr+pNAReJX5AKKNCI3K8gkTjjRBjMkNZd30tNmCNlKGZkXA4yTVKEh6hPupYKxIkO8+kOY3hilQT2pLJHGDhVfydyxLUe8dhOcmQGet6biP953cz0rsKcijQzRODZQ72MQSPhpBCYUEWwYSNLEFbU/hXiAVIIG1tb2Zbgz6+8SFq1qn9e9e4uKvXroo4SOALH4BT44BLUwS1ogCbA4BE8g1fw5jw5L8678zEbXXKKzAH4A+fzB5/nl34=</latexit>

�(!�) =
g2�

!� � !12 + i�
<latexit sha1_base64="urtqWQgjmg9JFme08wOJriONIUw="></latexit>

C(!�) =
g2�L/c

!� � !12 + i�
<latexit sha1_base64="o+FLFnRjAdGHOBydFEK4gnNy/5c="></latexit>

Quantifying the strength of light-matter coupling: atom in free space
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!�
<latexit sha1_base64="+nYLyaBzMyZlPGePtekV80n4Dkc=">AAAB9XicdVDLSgMxFM3UV62vqks3wSK4GjJtHdtd0Y3LCvYBnbFkMmkbmpkMSUYpQ//DjQtF3Pov7vwb04egogcCh3Pu4d6cIOFMaYQ+rNzK6tr6Rn6zsLW9s7tX3D9oK5FKQltEcCG7AVaUs5i2NNOcdhNJcRRw2gnGlzO/c0elYiK+0ZOE+hEexmzACNZGuvVERIe473GTCHG/WEJ2vY6qjguRfYZQ2a0bgirlmutCx0ZzlMASzX7x3QsFSSMaa8KxUj0HJdrPsNSMcDoteKmiCSZjPKQ9Q2McUeVn86un8MQoIRwIaV6s4Vz9nshwpNQkCsxkhPVI/fZm4l9eL9WDmp+xOEk1jcli0SDlUAs4qwCGTFKi+cQQTCQzt0IywhITbYoqmBK+fgr/J+2y7VRsdF0tNS6WdeTBETgGp8AB56ABrkATtAABEjyAJ/Bs3VuP1ov1uhjNWcvMIfgB6+0T+06S1Q==</latexit>

|1i
<latexit sha1_base64="9H3WAZgx5zOt2UN45FrAtZuB+3M=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6LHoxWMF+yFtKJvtpF26uwm7G6HE/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvTDjTxvO+ncLK6tr6RnGztLW9s7tX3j9o6jhVFBs05rFqh0QjZxIbhhmO7UQhESHHVji6mfqtR1SaxfLejBMMBBlIFjFKjJUenvyuInLAsVeueFVvBneZ+DmpQI56r/zV7cc0FSgN5UTrju8lJsiIMoxynJS6qcaE0BEZYMdSSQTqIJsdPHFPrNJ3o1jZksadqb8nMiK0HovQdgpihnrRm4r/eZ3URFdBxmSSGpR0vihKuWtid/q922cKqeFjSwhVzN7q0iFRhBqbUcmG4C++vEyaZ1X/vOrdXVRq13kcRTiCYzgFHy6hBrdQhwZQEPAMr/DmKOfFeXc+5q0FJ585hD9wPn8At16QWA==</latexit>

|2i
<latexit sha1_base64="f7gfOzHNsI368ylKyzDh5+SwVjI=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGC/ZA2lM120i7dbMLuRiixv8KLB0W8+nO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LejBP0IzqQPOSMGis9PFW7isqBwF6p7FbcGcgy8XJShhz1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns4Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfR70ucKmRFjSyhT3N5K2JAqyozNqGhD8BZfXibNasU7r7h3F+XadR5HAY7hBM7Ag0uowS3UoQEMIniGV3hzlPPivDsf89YVJ585gj9wPn8AuOmQWQ==</latexit>

�
<latexit sha1_base64="wBA8+k/iEt+dSRWUIDRZZttjRFk=">AAAB7XicdVDLSsNAFJ3UV62vqks3g0VwFZI0tHVXdOOygn1AG8pkOmnHzkzCzEQoof/gxoUibv0fd/6Nk7aCih64cDjnXu69J0wYVdpxPqzC2vrG5lZxu7Szu7d/UD486qg4lZi0ccxi2QuRIowK0tZUM9JLJEE8ZKQbTq9yv3tPpKKxuNWzhAQcjQWNKEbaSJ3BGHGOhuWKY180ap5fg47tOHXXc3Pi1f2qD12j5KiAFVrD8vtgFOOUE6ExQ0r1XSfRQYakppiReWmQKpIgPEVj0jdUIE5UkC2uncMzo4xgFEtTQsOF+n0iQ1ypGQ9NJ0d6on57ufiX10911AgyKpJUE4GXi6KUQR3D/HU4opJgzWaGICypuRXiCZIIaxNQyYTw9Sn8n3Q8263azo1faV6u4iiCE3AKzoEL6qAJrkELtAEGd+ABPIFnK7YerRfrddlasFYzx+AHrLdP56SPWQ==</latexit>u�(x) =

e�p
Ld2

eik�·x

<latexit sha1_base64="sa26uhi+Rh2A4JUHRfFSTJn/CmY="></latexit>

L
<latexit sha1_base64="xJjU4qPtZN40/6c9c3QRwdxbBV0=">AAAB6HicdVDJSgNBEO1xjXGLevTSGARPQ08Sx+QW9OLBQwJmgWQIPZ2apE3PQnePEEK+wIsHRbz6Sd78GzuLoKIPCh7vVVFVz08EV5qQD2tldW19YzOzld3e2d3bzx0cNlWcSgYNFotYtn2qQPAIGpprAe1EAg19AS1/dDXzW/cgFY+jWz1OwAvpIOIBZ1QbqX7Ty+WJXamQkuNiYp8TUnArhpBioey62LHJHHm0RK2Xe+/2Y5aGEGkmqFIdhyTam1CpORMwzXZTBQllIzqAjqERDUF5k/mhU3xqlD4OYmkq0niufp+Y0FCpceibzpDqofrtzcS/vE6qg7I34VGSaojYYlGQCqxjPPsa97kEpsXYEMokN7diNqSSMm2yyZoQvj7F/5NmwXaKNqmX8tXLZRwZdIxO0Bly0AWqomtUQw3EEKAH9ISerTvr0XqxXhetK9Zy5gj9gPX2CRJLjR4=</latexit>

d
<latexit sha1_base64="fDIOYQbeQvM1L2AR7gKiXPRyZVU=">AAAB6HicdVDLSgMxFM3UV62vqks3wSK4GjJtHdtd0Y3LFuwD2qFkMpk2NpMZkoxQhn6BGxeKuPWT3Pk3pg9BRQ9cOJxzL/fe4yecKY3Qh5VbW9/Y3MpvF3Z29/YPiodHHRWnktA2iXksez5WlDNB25ppTnuJpDjyOe36k+u5372nUrFY3OppQr0IjwQLGcHaSK1gWCwhu15HVceFyL5AqOzWDUGVcs11oWOjBUpgheaw+D4IYpJGVGjCsVJ9ByXay7DUjHA6KwxSRRNMJnhE+4YKHFHlZYtDZ/DMKAEMY2lKaLhQv09kOFJqGvmmM8J6rH57c/Evr5/qsOZlTCSppoIsF4UphzqG869hwCQlmk8NwUQycyskYywx0Sabggnh61P4P+mUbadio1a11LhaxZEHJ+AUnAMHXIIGuAFN0AYEUPAAnsCzdWc9Wi/W67I1Z61mjsEPWG+fNquNNg==</latexit>

g� '
r

1

2!�"0Ld2
!12d̃12

<latexit sha1_base64="55k8Ya9BMKTCvxMBZJHYuJzfEzU="></latexit>

⌧int =
L

c
<latexit sha1_base64="CiQWonimpLA1u2zVU82EcJq2PBs=">AAACA3icbVBNS8NAEN34WetX1JteFovgqSQq6EUoevHgoYL9gCaUzXbTLt1swu5EKCHgxb/ixYMiXv0T3vw3btsctPXBwOO9GWbmBYngGhzn21pYXFpeWS2tldc3Nre27Z3dpo5TRVmDxiJW7YBoJrhkDeAgWDtRjESBYK1geD32Ww9MaR7LexglzI9IX/KQUwJG6tr7HpC0m3kqwlxCfumFitDsNs9o3rUrTtWZAM8TtyAVVKDetb+8XkzTiEmggmjdcZ0E/Iwo4FSwvOylmiWEDkmfdQyVJGLazyY/5PjIKD0cxsqUBDxRf09kJNJ6FAWmMyIw0LPeWPzP66QQXvgZl0kKTNLpojAVGGI8DgT3uGIUxMgQQhU3t2I6ICYFMLGVTQju7MvzpHlSdU+rzt1ZpXZVxFFCB+gQHSMXnaMaukF11EAUPaJn9IrerCfrxXq3PqatC1Yxs4f+wPr8AaT2mCg=</latexit>

Estimate the cooperativity 
(consider resonant absorption for simplicity)

Exercise: show that 

� = g2res
!2
12

c3
d2L

(2⇡)2
<latexit sha1_base64="g+AUbGDj9D7BOSHXmoHboyMtG8M="></latexit>

Hint: compute the incoherent susceptibility   
for an atom in a volume=d^2*L 

filled with a continuum of EM plane-wave modes 
(sum over all modes) 

Quantifying the strength of light-matter coupling: atom in free space

ImCres =
g2res

L
c

�
=

g2res
L
c

g2res
!2

12
c3

d2L
(2⇡)2

=
�2
12

d2
<latexit sha1_base64="fmRXDExhlcoebc39UouEKwKTn2Q="></latexit>
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!�
<latexit sha1_base64="+nYLyaBzMyZlPGePtekV80n4Dkc=">AAAB9XicdVDLSgMxFM3UV62vqks3wSK4GjJtHdtd0Y3LCvYBnbFkMmkbmpkMSUYpQ//DjQtF3Pov7vwb04egogcCh3Pu4d6cIOFMaYQ+rNzK6tr6Rn6zsLW9s7tX3D9oK5FKQltEcCG7AVaUs5i2NNOcdhNJcRRw2gnGlzO/c0elYiK+0ZOE+hEexmzACNZGuvVERIe473GTCHG/WEJ2vY6qjguRfYZQ2a0bgirlmutCx0ZzlMASzX7x3QsFSSMaa8KxUj0HJdrPsNSMcDoteKmiCSZjPKQ9Q2McUeVn86un8MQoIRwIaV6s4Vz9nshwpNQkCsxkhPVI/fZm4l9eL9WDmp+xOEk1jcli0SDlUAs4qwCGTFKi+cQQTCQzt0IywhITbYoqmBK+fgr/J+2y7VRsdF0tNS6WdeTBETgGp8AB56ABrkATtAABEjyAJ/Bs3VuP1ov1uhjNWcvMIfgB6+0T+06S1Q==</latexit>

|1i
<latexit sha1_base64="9H3WAZgx5zOt2UN45FrAtZuB+3M=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6LHoxWMF+yFtKJvtpF26uwm7G6HE/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvTDjTxvO+ncLK6tr6RnGztLW9s7tX3j9o6jhVFBs05rFqh0QjZxIbhhmO7UQhESHHVji6mfqtR1SaxfLejBMMBBlIFjFKjJUenvyuInLAsVeueFVvBneZ+DmpQI56r/zV7cc0FSgN5UTrju8lJsiIMoxynJS6qcaE0BEZYMdSSQTqIJsdPHFPrNJ3o1jZksadqb8nMiK0HovQdgpihnrRm4r/eZ3URFdBxmSSGpR0vihKuWtid/q922cKqeFjSwhVzN7q0iFRhBqbUcmG4C++vEyaZ1X/vOrdXVRq13kcRTiCYzgFHy6hBrdQhwZQEPAMr/DmKOfFeXc+5q0FJ585hD9wPn8At16QWA==</latexit>

|2i
<latexit sha1_base64="f7gfOzHNsI368ylKyzDh5+SwVjI=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGC/ZA2lM120i7dbMLuRiixv8KLB0W8+nO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LejBP0IzqQPOSMGis9PFW7isqBwF6p7FbcGcgy8XJShhz1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns4Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfR70ucKmRFjSyhT3N5K2JAqyozNqGhD8BZfXibNasU7r7h3F+XadR5HAY7hBM7Ag0uowS3UoQEMIniGV3hzlPPivDsf89YVJ585gj9wPn8AuOmQWQ==</latexit>

�
<latexit sha1_base64="wBA8+k/iEt+dSRWUIDRZZttjRFk=">AAAB7XicdVDLSsNAFJ3UV62vqks3g0VwFZI0tHVXdOOygn1AG8pkOmnHzkzCzEQoof/gxoUibv0fd/6Nk7aCih64cDjnXu69J0wYVdpxPqzC2vrG5lZxu7Szu7d/UD486qg4lZi0ccxi2QuRIowK0tZUM9JLJEE8ZKQbTq9yv3tPpKKxuNWzhAQcjQWNKEbaSJ3BGHGOhuWKY180ap5fg47tOHXXc3Pi1f2qD12j5KiAFVrD8vtgFOOUE6ExQ0r1XSfRQYakppiReWmQKpIgPEVj0jdUIE5UkC2uncMzo4xgFEtTQsOF+n0iQ1ypGQ9NJ0d6on57ufiX10911AgyKpJUE4GXi6KUQR3D/HU4opJgzWaGICypuRXiCZIIaxNQyYTw9Sn8n3Q8263azo1faV6u4iiCE3AKzoEL6qAJrkELtAEGd+ABPIFnK7YerRfrddlasFYzx+AHrLdP56SPWQ==</latexit>u�(x) =

e�p
Ld2

eik�·x

<latexit sha1_base64="sa26uhi+Rh2A4JUHRfFSTJn/CmY="></latexit>

L
<latexit sha1_base64="xJjU4qPtZN40/6c9c3QRwdxbBV0=">AAAB6HicdVDJSgNBEO1xjXGLevTSGARPQ08Sx+QW9OLBQwJmgWQIPZ2apE3PQnePEEK+wIsHRbz6Sd78GzuLoKIPCh7vVVFVz08EV5qQD2tldW19YzOzld3e2d3bzx0cNlWcSgYNFotYtn2qQPAIGpprAe1EAg19AS1/dDXzW/cgFY+jWz1OwAvpIOIBZ1QbqX7Ty+WJXamQkuNiYp8TUnArhpBioey62LHJHHm0RK2Xe+/2Y5aGEGkmqFIdhyTam1CpORMwzXZTBQllIzqAjqERDUF5k/mhU3xqlD4OYmkq0niufp+Y0FCpceibzpDqofrtzcS/vE6qg7I34VGSaojYYlGQCqxjPPsa97kEpsXYEMokN7diNqSSMm2yyZoQvj7F/5NmwXaKNqmX8tXLZRwZdIxO0Bly0AWqomtUQw3EEKAH9ISerTvr0XqxXhetK9Zy5gj9gPX2CRJLjR4=</latexit>

d
<latexit sha1_base64="fDIOYQbeQvM1L2AR7gKiXPRyZVU=">AAAB6HicdVDLSgMxFM3UV62vqks3wSK4GjJtHdtd0Y3LFuwD2qFkMpk2NpMZkoxQhn6BGxeKuPWT3Pk3pg9BRQ9cOJxzL/fe4yecKY3Qh5VbW9/Y3MpvF3Z29/YPiodHHRWnktA2iXksez5WlDNB25ppTnuJpDjyOe36k+u5372nUrFY3OppQr0IjwQLGcHaSK1gWCwhu15HVceFyL5AqOzWDUGVcs11oWOjBUpgheaw+D4IYpJGVGjCsVJ9ByXay7DUjHA6KwxSRRNMJnhE+4YKHFHlZYtDZ/DMKAEMY2lKaLhQv09kOFJqGvmmM8J6rH57c/Evr5/qsOZlTCSppoIsF4UphzqG869hwCQlmk8NwUQycyskYywx0Sabggnh61P4P+mUbadio1a11LhaxZEHJ+AUnAMHXIIGuAFN0AYEUPAAnsCzdWc9Wi/W67I1Z61mjsEPWG+fNquNNg==</latexit>

g� '
r

1

2!�"0Ld2
!12d̃12

<latexit sha1_base64="55k8Ya9BMKTCvxMBZJHYuJzfEzU="></latexit>

⌧int =
L

c
<latexit sha1_base64="CiQWonimpLA1u2zVU82EcJq2PBs=">AAACA3icbVBNS8NAEN34WetX1JteFovgqSQq6EUoevHgoYL9gCaUzXbTLt1swu5EKCHgxb/ixYMiXv0T3vw3btsctPXBwOO9GWbmBYngGhzn21pYXFpeWS2tldc3Nre27Z3dpo5TRVmDxiJW7YBoJrhkDeAgWDtRjESBYK1geD32Ww9MaR7LexglzI9IX/KQUwJG6tr7HpC0m3kqwlxCfumFitDsNs9o3rUrTtWZAM8TtyAVVKDetb+8XkzTiEmggmjdcZ0E/Iwo4FSwvOylmiWEDkmfdQyVJGLazyY/5PjIKD0cxsqUBDxRf09kJNJ6FAWmMyIw0LPeWPzP66QQXvgZl0kKTNLpojAVGGI8DgT3uGIUxMgQQhU3t2I6ICYFMLGVTQju7MvzpHlSdU+rzt1ZpXZVxFFCB+gQHSMXnaMaukF11EAUPaJn9IrerCfrxXq3PqatC1Yxs4f+wPr8AaT2mCg=</latexit>

Estimate the cooperativity 
(consider resonant absorption for simplicity)

Diffraction limit 
light cannot be focused below its wavelength

d � �
<latexit sha1_base64="Q1RDVQcoalWq8mJzIn7wWICXTX4=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjMq6LLoxmUF+4CZoWQymWloJhmSO0Ip/Qw3LhRx69e4829M21lo64HA4Zxzyb0nygU34LrfTmVtfWNzq7pd29nd2z+oHx51jSo0ZR2qhNL9iBgmuGQd4CBYP9eMZJFgvWh0N/N7T0wbruQjjHMWZiSVPOGUgJX8OEjTQNh4TAb1htt058CrxCtJA5VoD+pfQaxokTEJVBBjfM/NIZwQDZwKNq0FhWE5oSOSMt9SSTJmwsl85Sk+s0qME6Xtk4Dn6u+JCcmMGWeRTWYEhmbZm4n/eX4ByU044TIvgEm6+CgpBAaFZ/fjmGtGQYwtIVRzuyumQ6IJBdtSzZbgLZ+8SroXTe+y6T5cNVq3ZR1VdIJO0Tny0DVqoXvURh1EkULP6BW9OeC8OO/OxyJaccqZY/QHzucPOc2RNQ==</latexit>

Atom-photon coupling small!

|C| ⌧ 1
<latexit sha1_base64="ED52QWia9tEltEGTCp7Zn5kzf3E=">AAAB73icbVDLTgJBEOzFF+IL9ehlIjHxRHbVRI9ELh4xkUcCGzI7DDBhdnad6TUhCz/hxYPGePV3vPk3DrAHBSvppFLVne6uIJbCoOt+O7m19Y3Nrfx2YWd3b/+geHjUMFGiGa+zSEa6FVDDpVC8jgIlb8Wa0zCQvBmMqjO/+cS1EZF6wHHM/ZAOlOgLRtFKrUl10pGSeN1iyS27c5BV4mWkBBlq3eJXpxexJOQKmaTGtD03Rj+lGgWTfFroJIbHlI3ogLctVTTkxk/n907JmVV6pB9pWwrJXP09kdLQmHEY2M6Q4tAsezPxP6+dYP/GT4WKE+SKLRb1E0kwIrPnSU9ozlCOLaFMC3srYUOqKUMbUcGG4C2/vEoaF2XvsuzeX5Uqt1kceTiBUzgHD66hAndQgzowkPAMr/DmPDovzrvzsWjNOdnMMfyB8/kDacKPjA==</latexit>

PROBLEM IN FREE SPACE:

Quantifying the strength of light-matter coupling: atom in free space

ImCres =
g2res

L
c

�
=

g2res
L
c

g2res
!2

12
c3

d2L
(2⇡)2

=
�2
12

d2
<latexit sha1_base64="fmRXDExhlcoebc39UouEKwKTn2Q="></latexit>

(typically)
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2. Implementing Quantum Nonlinear Optics
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Increasing the cooperativity 

Increase interaction time

⌧int =
L

c
<latexit sha1_base64="CiQWonimpLA1u2zVU82EcJq2PBs=">AAACA3icbVBNS8NAEN34WetX1JteFovgqSQq6EUoevHgoYL9gCaUzXbTLt1swu5EKCHgxb/ixYMiXv0T3vw3btsctPXBwOO9GWbmBYngGhzn21pYXFpeWS2tldc3Nre27Z3dpo5TRVmDxiJW7YBoJrhkDeAgWDtRjESBYK1geD32Ww9MaR7LexglzI9IX/KQUwJG6tr7HpC0m3kqwlxCfumFitDsNs9o3rUrTtWZAM8TtyAVVKDetb+8XkzTiEmggmjdcZ0E/Iwo4FSwvOylmiWEDkmfdQyVJGLazyY/5PjIKD0cxsqUBDxRf09kJNJ6FAWmMyIw0LPeWPzP66QQXvgZl0kKTNLpojAVGGI8DgT3uGIUxMgQQhU3t2I6ICYFMLGVTQju7MvzpHlSdU+rzt1ZpXZVxFFCB+gQHSMXnaMaukF11EAUPaJn9IrerCfrxXq3PqatC1Yxs4f+wPr8AaT2mCg=</latexit>

Free space problem:

ImCres =
⌧int
L/c

�2
12

d2
<latexit sha1_base64="lYJ3WSvRCRpy2gwwUD6Hl6ats1k="></latexit>

Cavities 
Multipass enhancement

Ω 
|kF| 

Q 

Ω 
|kF| 

Q 

Atoms in an optical resonator
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Increasing the cooperativity 

Increase interaction time

⌧int =
L

c
<latexit sha1_base64="CiQWonimpLA1u2zVU82EcJq2PBs=">AAACA3icbVBNS8NAEN34WetX1JteFovgqSQq6EUoevHgoYL9gCaUzXbTLt1swu5EKCHgxb/ixYMiXv0T3vw3btsctPXBwOO9GWbmBYngGhzn21pYXFpeWS2tldc3Nre27Z3dpo5TRVmDxiJW7YBoJrhkDeAgWDtRjESBYK1geD32Ww9MaR7LexglzI9IX/KQUwJG6tr7HpC0m3kqwlxCfumFitDsNs9o3rUrTtWZAM8TtyAVVKDetb+8XkzTiEmggmjdcZ0E/Iwo4FSwvOylmiWEDkmfdQyVJGLazyY/5PjIKD0cxsqUBDxRf09kJNJ6FAWmMyIw0LPeWPzP66QQXvgZl0kKTNLpojAVGGI8DgT3uGIUxMgQQhU3t2I6ICYFMLGVTQju7MvzpHlSdU+rzt1ZpXZVxFFCB+gQHSMXnaMaukF11EAUPaJn9IrerCfrxXq3PqatC1Yxs4f+wPr8AaT2mCg=</latexit>

Free space problem:

Beat the diffraction limit
Cavities 

Multipass enhancement

Ω 
|kF| 

Q 

Ω 
|kF| 

Q 

Evanescent fields 
Confinement @wavelength level

ImCres =
⌧int
L/c

�2
12

d2
<latexit sha1_base64="olYEsMwbKvWSU2VvqIhJHQBi8bA="></latexit>

Atoms in an optical resonator Atoms close to a waveguide

Source: Univ. Vienna
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Increasing the cooperativity 

Increase interaction time

⌧int =
L

c
<latexit sha1_base64="CiQWonimpLA1u2zVU82EcJq2PBs=">AAACA3icbVBNS8NAEN34WetX1JteFovgqSQq6EUoevHgoYL9gCaUzXbTLt1swu5EKCHgxb/ixYMiXv0T3vw3btsctPXBwOO9GWbmBYngGhzn21pYXFpeWS2tldc3Nre27Z3dpo5TRVmDxiJW7YBoJrhkDeAgWDtRjESBYK1geD32Ww9MaR7LexglzI9IX/KQUwJG6tr7HpC0m3kqwlxCfumFitDsNs9o3rUrTtWZAM8TtyAVVKDetb+8XkzTiEmggmjdcZ0E/Iwo4FSwvOylmiWEDkmfdQyVJGLazyY/5PjIKD0cxsqUBDxRf09kJNJ6FAWmMyIw0LPeWPzP66QQXvgZl0kKTNLpojAVGGI8DgT3uGIUxMgQQhU3t2I6ICYFMLGVTQju7MvzpHlSdU+rzt1ZpXZVxFFCB+gQHSMXnaMaukF11EAUPaJn9IrerCfrxXq3PqatC1Yxs4f+wPr8AaT2mCg=</latexit>

Free space problem:

Beat the diffraction limit
Cavities 

Multipass enhancement

Ω 
|kF| 

Q 

Ω 
|kF| 

Q 

Evanescent fields 
Confinement @wavelength level

ImCres = N
⌧int
L/c

�2
12

d2
<latexit sha1_base64="TAfdzoFYRx/avZ+rchkniPDIBlY="></latexit>

Strong interatomic interactions 
“Superatom”

Use collective effects

Atoms in an optical resonator Atoms close to a waveguide

Source: Univ. Stuttgart
Source: Univ. Vienna

Rydberg atoms
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Option 1 - Cavities

!�
<latexit sha1_base64="+nYLyaBzMyZlPGePtekV80n4Dkc=">AAAB9XicdVDLSgMxFM3UV62vqks3wSK4GjJtHdtd0Y3LCvYBnbFkMmkbmpkMSUYpQ//DjQtF3Pov7vwb04egogcCh3Pu4d6cIOFMaYQ+rNzK6tr6Rn6zsLW9s7tX3D9oK5FKQltEcCG7AVaUs5i2NNOcdhNJcRRw2gnGlzO/c0elYiK+0ZOE+hEexmzACNZGuvVERIe473GTCHG/WEJ2vY6qjguRfYZQ2a0bgirlmutCx0ZzlMASzX7x3QsFSSMaa8KxUj0HJdrPsNSMcDoteKmiCSZjPKQ9Q2McUeVn86un8MQoIRwIaV6s4Vz9nshwpNQkCsxkhPVI/fZm4l9eL9WDmp+xOEk1jcli0SDlUAs4qwCGTFKi+cQQTCQzt0IywhITbYoqmBK+fgr/J+2y7VRsdF0tNS6WdeTBETgGp8AB56ABrkATtAABEjyAJ/Bs3VuP1ov1uhjNWcvMIfgB6+0T+06S1Q==</latexit>

|1i
<latexit sha1_base64="9H3WAZgx5zOt2UN45FrAtZuB+3M=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6LHoxWMF+yFtKJvtpF26uwm7G6HE/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvTDjTxvO+ncLK6tr6RnGztLW9s7tX3j9o6jhVFBs05rFqh0QjZxIbhhmO7UQhESHHVji6mfqtR1SaxfLejBMMBBlIFjFKjJUenvyuInLAsVeueFVvBneZ+DmpQI56r/zV7cc0FSgN5UTrju8lJsiIMoxynJS6qcaE0BEZYMdSSQTqIJsdPHFPrNJ3o1jZksadqb8nMiK0HovQdgpihnrRm4r/eZ3URFdBxmSSGpR0vihKuWtid/q922cKqeFjSwhVzN7q0iFRhBqbUcmG4C++vEyaZ1X/vOrdXVRq13kcRTiCYzgFHy6hBrdQhwZQEPAMr/DmKOfFeXc+5q0FJ585hD9wPn8At16QWA==</latexit>

|2i
<latexit sha1_base64="f7gfOzHNsI368ylKyzDh5+SwVjI=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGC/ZA2lM120i7dbMLuRiixv8KLB0W8+nO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LejBP0IzqQPOSMGis9PFW7isqBwF6p7FbcGcgy8XJShhz1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns4Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfR70ucKmRFjSyhT3N5K2JAqyozNqGhD8BZfXibNasU7r7h3F+XadR5HAY7hBM7Ag0uowS3UoQEMIniGV3hzlPPivDsf89YVJ585gj9wPn8AuOmQWQ==</latexit>

�
<latexit sha1_base64="wBA8+k/iEt+dSRWUIDRZZttjRFk=">AAAB7XicdVDLSsNAFJ3UV62vqks3g0VwFZI0tHVXdOOygn1AG8pkOmnHzkzCzEQoof/gxoUibv0fd/6Nk7aCih64cDjnXu69J0wYVdpxPqzC2vrG5lZxu7Szu7d/UD486qg4lZi0ccxi2QuRIowK0tZUM9JLJEE8ZKQbTq9yv3tPpKKxuNWzhAQcjQWNKEbaSJ3BGHGOhuWKY180ap5fg47tOHXXc3Pi1f2qD12j5KiAFVrD8vtgFOOUE6ExQ0r1XSfRQYakppiReWmQKpIgPEVj0jdUIE5UkC2uncMzo4xgFEtTQsOF+n0iQ1ypGQ9NJ0d6on57ufiX10911AgyKpJUE4GXi6KUQR3D/HU4opJgzWaGICypuRXiCZIIaxNQyYTw9Sn8n3Q8263azo1faV6u4iiCE3AKzoEL6qAJrkELtAEGd+ABPIFnK7YerRfrddlasFYzx+AHrLdP56SPWQ==</latexit>Ω 

|kF| 
Q 

L
<latexit sha1_base64="xJjU4qPtZN40/6c9c3QRwdxbBV0=">AAAB6HicdVDJSgNBEO1xjXGLevTSGARPQ08Sx+QW9OLBQwJmgWQIPZ2apE3PQnePEEK+wIsHRbz6Sd78GzuLoKIPCh7vVVFVz08EV5qQD2tldW19YzOzld3e2d3bzx0cNlWcSgYNFotYtn2qQPAIGpprAe1EAg19AS1/dDXzW/cgFY+jWz1OwAvpIOIBZ1QbqX7Ty+WJXamQkuNiYp8TUnArhpBioey62LHJHHm0RK2Xe+/2Y5aGEGkmqFIdhyTam1CpORMwzXZTBQllIzqAjqERDUF5k/mhU3xqlD4OYmkq0niufp+Y0FCpceibzpDqofrtzcS/vE6qg7I34VGSaojYYlGQCqxjPPsa97kEpsXYEMokN7diNqSSMm2yyZoQvj7F/5NmwXaKNqmX8tXLZRwZdIxO0Bly0AWqomtUQw3EEKAH9ISerTvr0XqxXhetK9Zy5gj9gPX2CRJLjR4=</latexit>

d
<latexit sha1_base64="fDIOYQbeQvM1L2AR7gKiXPRyZVU=">AAAB6HicdVDLSgMxFM3UV62vqks3wSK4GjJtHdtd0Y3LFuwD2qFkMpk2NpMZkoxQhn6BGxeKuPWT3Pk3pg9BRQ9cOJxzL/fe4yecKY3Qh5VbW9/Y3MpvF3Z29/YPiodHHRWnktA2iXksez5WlDNB25ppTnuJpDjyOe36k+u5372nUrFY3OppQr0IjwQLGcHaSK1gWCwhu15HVceFyL5AqOzWDUGVcs11oWOjBUpgheaw+D4IYpJGVGjCsVJ9ByXay7DUjHA6KwxSRRNMJnhE+4YKHFHlZYtDZ/DMKAEMY2lKaLhQv09kOFJqGvmmM8J6rH57c/Evr5/qsOZlTCSppoIsF4UphzqG869hwCQlmk8NwUQycyskYywx0Sabggnh61P4P+mUbadio1a11LhaxZEHJ+AUnAMHXIIGuAFN0AYEUPAAnsCzdWc9Wi/W67I1Z61mjsEPWG+fNquNNg==</latexit>

Ω 
|kF| 

Q 


<latexit sha1_base64="dB5Eu2zZQ4htUGvftcAt63dOUTM=">AAAB7XicdVDLSgMxFM34rPVVdekmWARXQ6atY7srunFZwT6gHUomzbSxmWRIMkIZ+g9uXCji1v9x59+YPgQVPXDhcM693HtPmHCmDUIfzsrq2vrGZm4rv72zu7dfODhsaZkqQptEcqk6IdaUM0GbhhlOO4miOA45bYfjq5nfvqdKMyluzSShQYyHgkWMYGOlVm+MkwT3C0Xk1mqo4vkQuecIlfyaJahcqvo+9Fw0RxEs0egX3nsDSdKYCkM41rrrocQEGVaGEU6n+V6qaYLJGA9p11KBY6qDbH7tFJ5aZQAjqWwJA+fq94kMx1pP4tB2xtiM9G9vJv7ldVMTVYOMiSQ1VJDFoijl0Eg4ex0OmKLE8IklmChmb4VkhBUmxgaUtyF8fQr/J62S65VddFMp1i+XceTAMTgBZ8ADF6AOrkEDNAEBd+ABPIFnRzqPzovzumhdcZYzR+AHnLdPBO6PbQ==</latexit>

Interaction time 
Loss rate out of the mirrors

⌧int =
1


<latexit sha1_base64="8fde107XuHmPXX4uorTNSrpEm5s=">AAACCHicbVBNS8NAEN34bf2KevTgYhE8lUQFvQiiF48VrBaaUCbbTV262YTdiVBCjl78K148KOLVn+DNf+P246CtDwYe780wMy/KpDDoed/OzOzc/MLi0nJlZXVtfcPd3Lo1aa4Zb7BUproZgeFSKN5AgZI3M80hiSS/i3qXA//ugWsjUnWD/YyHCXSViAUDtFLb3Q0Q8nYR6IQKheVZEGtghV8WQQ+yDMq2W/Vq3hB0mvhjUiVj1NvuV9BJWZ5whUyCMS3fyzAsQKNgkpeVIDc8A9aDLm9ZqiDhJiyGj5R03yodGqfalkI6VH9PFJAY008i25kA3ptJbyD+57VyjE/DQqgsR67YaFGcS4opHaRCO0JzhrJvCTAt7K2U3YONAm12FRuCP/nyNLk9rPlHNe/6uHp+MY5jieyQPXJAfHJCzskVqZMGYeSRPJNX8uY8OS/Ou/Mxap1xxjPb5A+czx9+bJpF</latexit>

ImCres =
⌧int
L/c

�2
12

d2
= F

�2
12

d2
<latexit sha1_base64="L8ks36Z6YfyKMnnVLgnXKLeo2o0="></latexit>

F =
c

L
<latexit sha1_base64="GrsDUyFouP8mzTNldrHa5dPgHD0=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5KooBuhKIgLFxXsA5pSbqaTduhkEmYmQg3BX3HjQhG3/oc7/8Zpm4W2HrhwOOde7r3HjzlT2nG+rcLC4tLySnG1tLa+sbllb+80VJRIQusk4pFs+aAoZ4LWNdOctmJJIfQ5bfrDq7HffKBSsUjc61FMOyH0BQsYAW2krr13feEFEkhKstQbQhwDvs26dtmpOBPgeeLmpIxy1Lr2l9eLSBJSoQkHpdquE+tOClIzwmlW8hJFYyBD6NO2oQJCqjrp5PoMHxqlh4NImhIaT9TfEymESo1C33SGoAdq1huL/3ntRAfnnZSJONFUkOmiIOFYR3gcBe4xSYnmI0OASGZuxWQAJgxtAiuZENzZl+dJ47jinlScu9Ny9TKPo4j20QE6Qi46Q1V0g2qojgh6RM/oFb1ZT9aL9W59TFsLVj6zi/7A+vwBQ2mVGA==</latexit>

Multipass enhancement 
Determined by Finesse 

(can be as large as 10^6)
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Option 1 - Cavities

!�
<latexit sha1_base64="+nYLyaBzMyZlPGePtekV80n4Dkc=">AAAB9XicdVDLSgMxFM3UV62vqks3wSK4GjJtHdtd0Y3LCvYBnbFkMmkbmpkMSUYpQ//DjQtF3Pov7vwb04egogcCh3Pu4d6cIOFMaYQ+rNzK6tr6Rn6zsLW9s7tX3D9oK5FKQltEcCG7AVaUs5i2NNOcdhNJcRRw2gnGlzO/c0elYiK+0ZOE+hEexmzACNZGuvVERIe473GTCHG/WEJ2vY6qjguRfYZQ2a0bgirlmutCx0ZzlMASzX7x3QsFSSMaa8KxUj0HJdrPsNSMcDoteKmiCSZjPKQ9Q2McUeVn86un8MQoIRwIaV6s4Vz9nshwpNQkCsxkhPVI/fZm4l9eL9WDmp+xOEk1jcli0SDlUAs4qwCGTFKi+cQQTCQzt0IywhITbYoqmBK+fgr/J+2y7VRsdF0tNS6WdeTBETgGp8AB56ABrkATtAABEjyAJ/Bs3VuP1ov1uhjNWcvMIfgB6+0T+06S1Q==</latexit>

|1i
<latexit sha1_base64="9H3WAZgx5zOt2UN45FrAtZuB+3M=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6LHoxWMF+yFtKJvtpF26uwm7G6HE/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvTDjTxvO+ncLK6tr6RnGztLW9s7tX3j9o6jhVFBs05rFqh0QjZxIbhhmO7UQhESHHVji6mfqtR1SaxfLejBMMBBlIFjFKjJUenvyuInLAsVeueFVvBneZ+DmpQI56r/zV7cc0FSgN5UTrju8lJsiIMoxynJS6qcaE0BEZYMdSSQTqIJsdPHFPrNJ3o1jZksadqb8nMiK0HovQdgpihnrRm4r/eZ3URFdBxmSSGpR0vihKuWtid/q922cKqeFjSwhVzN7q0iFRhBqbUcmG4C++vEyaZ1X/vOrdXVRq13kcRTiCYzgFHy6hBrdQhwZQEPAMr/DmKOfFeXc+5q0FJ585hD9wPn8At16QWA==</latexit>

|2i
<latexit sha1_base64="f7gfOzHNsI368ylKyzDh5+SwVjI=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGC/ZA2lM120i7dbMLuRiixv8KLB0W8+nO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LejBP0IzqQPOSMGis9PFW7isqBwF6p7FbcGcgy8XJShhz1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns4Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfR70ucKmRFjSyhT3N5K2JAqyozNqGhD8BZfXibNasU7r7h3F+XadR5HAY7hBM7Ag0uowS3UoQEMIniGV3hzlPPivDsf89YVJ585gj9wPn8AuOmQWQ==</latexit>

�
<latexit sha1_base64="wBA8+k/iEt+dSRWUIDRZZttjRFk=">AAAB7XicdVDLSsNAFJ3UV62vqks3g0VwFZI0tHVXdOOygn1AG8pkOmnHzkzCzEQoof/gxoUibv0fd/6Nk7aCih64cDjnXu69J0wYVdpxPqzC2vrG5lZxu7Szu7d/UD486qg4lZi0ccxi2QuRIowK0tZUM9JLJEE8ZKQbTq9yv3tPpKKxuNWzhAQcjQWNKEbaSJ3BGHGOhuWKY180ap5fg47tOHXXc3Pi1f2qD12j5KiAFVrD8vtgFOOUE6ExQ0r1XSfRQYakppiReWmQKpIgPEVj0jdUIE5UkC2uncMzo4xgFEtTQsOF+n0iQ1ypGQ9NJ0d6on57ufiX10911AgyKpJUE4GXi6KUQR3D/HU4opJgzWaGICypuRXiCZIIaxNQyYTw9Sn8n3Q8263azo1faV6u4iiCE3AKzoEL6qAJrkELtAEGd+ABPIFnK7YerRfrddlasFYzx+AHrLdP56SPWQ==</latexit>Ω 

|kF| 
Q 

L
<latexit sha1_base64="xJjU4qPtZN40/6c9c3QRwdxbBV0=">AAAB6HicdVDJSgNBEO1xjXGLevTSGARPQ08Sx+QW9OLBQwJmgWQIPZ2apE3PQnePEEK+wIsHRbz6Sd78GzuLoKIPCh7vVVFVz08EV5qQD2tldW19YzOzld3e2d3bzx0cNlWcSgYNFotYtn2qQPAIGpprAe1EAg19AS1/dDXzW/cgFY+jWz1OwAvpIOIBZ1QbqX7Ty+WJXamQkuNiYp8TUnArhpBioey62LHJHHm0RK2Xe+/2Y5aGEGkmqFIdhyTam1CpORMwzXZTBQllIzqAjqERDUF5k/mhU3xqlD4OYmkq0niufp+Y0FCpceibzpDqofrtzcS/vE6qg7I34VGSaojYYlGQCqxjPPsa97kEpsXYEMokN7diNqSSMm2yyZoQvj7F/5NmwXaKNqmX8tXLZRwZdIxO0Bly0AWqomtUQw3EEKAH9ISerTvr0XqxXhetK9Zy5gj9gPX2CRJLjR4=</latexit>

d
<latexit sha1_base64="fDIOYQbeQvM1L2AR7gKiXPRyZVU=">AAAB6HicdVDLSgMxFM3UV62vqks3wSK4GjJtHdtd0Y3LFuwD2qFkMpk2NpMZkoxQhn6BGxeKuPWT3Pk3pg9BRQ9cOJxzL/fe4yecKY3Qh5VbW9/Y3MpvF3Z29/YPiodHHRWnktA2iXksez5WlDNB25ppTnuJpDjyOe36k+u5372nUrFY3OppQr0IjwQLGcHaSK1gWCwhu15HVceFyL5AqOzWDUGVcs11oWOjBUpgheaw+D4IYpJGVGjCsVJ9ByXay7DUjHA6KwxSRRNMJnhE+4YKHFHlZYtDZ/DMKAEMY2lKaLhQv09kOFJqGvmmM8J6rH57c/Evr5/qsOZlTCSppoIsF4UphzqG869hwCQlmk8NwUQycyskYywx0Sabggnh61P4P+mUbadio1a11LhaxZEHJ+AUnAMHXIIGuAFN0AYEUPAAnsCzdWc9Wi/W67I1Z61mjsEPWG+fNquNNg==</latexit>

Ω 
|kF| 

Q 


<latexit sha1_base64="dB5Eu2zZQ4htUGvftcAt63dOUTM=">AAAB7XicdVDLSgMxFM34rPVVdekmWARXQ6atY7srunFZwT6gHUomzbSxmWRIMkIZ+g9uXCji1v9x59+YPgQVPXDhcM693HtPmHCmDUIfzsrq2vrGZm4rv72zu7dfODhsaZkqQptEcqk6IdaUM0GbhhlOO4miOA45bYfjq5nfvqdKMyluzSShQYyHgkWMYGOlVm+MkwT3C0Xk1mqo4vkQuecIlfyaJahcqvo+9Fw0RxEs0egX3nsDSdKYCkM41rrrocQEGVaGEU6n+V6qaYLJGA9p11KBY6qDbH7tFJ5aZQAjqWwJA+fq94kMx1pP4tB2xtiM9G9vJv7ldVMTVYOMiSQ1VJDFoijl0Eg4ex0OmKLE8IklmChmb4VkhBUmxgaUtyF8fQr/J62S65VddFMp1i+XceTAMTgBZ8ADF6AOrkEDNAEBd+ABPIFnRzqPzovzumhdcZYzR+AHnLdPBO6PbQ==</latexit>

Interaction time 
Loss rate out of the mirrors

ImCres =
⌧int
L/c

�2
12

d2
= F

�2
12

d2
<latexit sha1_base64="L8ks36Z6YfyKMnnVLgnXKLeo2o0="></latexit>

F =
c

L
<latexit sha1_base64="GrsDUyFouP8mzTNldrHa5dPgHD0=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5KooBuhKIgLFxXsA5pSbqaTduhkEmYmQg3BX3HjQhG3/oc7/8Zpm4W2HrhwOOde7r3HjzlT2nG+rcLC4tLySnG1tLa+sbllb+80VJRIQusk4pFs+aAoZ4LWNdOctmJJIfQ5bfrDq7HffKBSsUjc61FMOyH0BQsYAW2krr13feEFEkhKstQbQhwDvs26dtmpOBPgeeLmpIxy1Lr2l9eLSBJSoQkHpdquE+tOClIzwmlW8hJFYyBD6NO2oQJCqjrp5PoMHxqlh4NImhIaT9TfEymESo1C33SGoAdq1huL/3ntRAfnnZSJONFUkOmiIOFYR3gcBe4xSYnmI0OASGZuxWQAJgxtAiuZENzZl+dJ47jinlScu9Ny9TKPo4j20QE6Qi46Q1V0g2qojgh6RM/oFb1ZT9aL9W59TFsLVj6zi/7A+vwBQ2mVGA==</latexit>

⌧int =
1


<latexit sha1_base64="8fde107XuHmPXX4uorTNSrpEm5s=">AAACCHicbVBNS8NAEN34bf2KevTgYhE8lUQFvQiiF48VrBaaUCbbTV262YTdiVBCjl78K148KOLVn+DNf+P246CtDwYe780wMy/KpDDoed/OzOzc/MLi0nJlZXVtfcPd3Lo1aa4Zb7BUproZgeFSKN5AgZI3M80hiSS/i3qXA//ugWsjUnWD/YyHCXSViAUDtFLb3Q0Q8nYR6IQKheVZEGtghV8WQQ+yDMq2W/Vq3hB0mvhjUiVj1NvuV9BJWZ5whUyCMS3fyzAsQKNgkpeVIDc8A9aDLm9ZqiDhJiyGj5R03yodGqfalkI6VH9PFJAY008i25kA3ptJbyD+57VyjE/DQqgsR67YaFGcS4opHaRCO0JzhrJvCTAt7K2U3YONAm12FRuCP/nyNLk9rPlHNe/6uHp+MY5jieyQPXJAfHJCzskVqZMGYeSRPJNX8uY8OS/Ou/Mxap1xxjPb5A+czx9+bJpF</latexit>

Multipass enhancement 
Determined by Finesse 

(can be as large as 10^6)

C =
g2

�
<latexit sha1_base64="LjSeWkApKtSe15MKDJtrhG26EJ4=">AAACA3icdVBNSwMxEM36bf2qetNLsAieluxabC+C6MWjgv2Abi2zabYNTXaXJCuUpeDFv+LFgyJe/RPe/DemtYKKPhh4vDfDzLwwFVwbQt6dmdm5+YXFpeXCyura+kZxc6uuk0xRVqOJSFQzBM0Ej1nNcCNYM1UMZChYIxycjf3GDVOaJ/GVGaasLaEX84hTMFbqFHfOjoNIAc171/4oD3ogJQQDSFMYdYol4lb8iu9VMXHJUdUvT0i5fEQI9lwyQQlNcdEpvgXdhGaSxYYK0LrlkdS0c1CGU8FGhSDTLAU6gB5rWRqDZLqdT34Y4X2rdHGUKFuxwRP1+0QOUuuhDG2nBNPXv72x+JfXykxUbec8TjPDYvq5KMoENgkeB4K7XDFqxNASoIrbWzHtg43E2NgKNoSvT/H/pO673qFLLsulk9NpHEtoF+2hA+ShCjpB5+gC1RBFt+gePaIn5855cJ6dl8/WGWc6s41+wHn9AIjsmB0=</latexit>

Question: why is not true?
Cooperativity 
reweritten as:

Standard suggestive expression -> longer-lived state seems to help.
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Option 2 - Evanescent fields

Photonic CrystalsOptical Nanofibers

PRL 104, 203603

Trapping atoms close to fiber

Trapping atoms close to 2D structure

Nat. Phot. 9, 320

ImCres =
⌧int
L/c

�2
12

d2
<latexit sha1_base64="olYEsMwbKvWSU2VvqIhJHQBi8bA="></latexit>

Exponential confinement 
Transverse size can go below wavelength
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28/09/16 11:48Physics - Focus: Strong Light Reflection from Few Atoms

Page 1 of 4http://physics.aps.org/articles/v9/109

Focus: Strong Light Reflection from Few
Atoms
September 23, 2016 • Physics 9, 109

Up to 75% of light reflects from just 2000 atoms aligned along an optical fiber, an arrangement
that could be useful in photonic circuits.

Atomic mirror. Red light sent through an optical fiber is visible in the fiber segment that is just a few
hundred nanometers in diameter, where nearby atoms cause a significant fraction of the light to reflect
back toward its source. (The red segment... Show more

Two independent research teams report what must surely be the lightest, most insubstantial
mirrors ever made. They have both reflected a significant amount of laser light from just one or two
thousand atoms. The atomic mirrors might be useful for controlling light signals in photonic circuits.
And because the mirror atoms interact strongly with one another, they might serve as an analog
system for simulating the behavior of solids at the quantum-mechanical level.

Mirrors are essential components in photonic technology, not least as key components of lasers. But
an ability to control the interactions between light and individual atoms can also provide new
fundamental insights into quantum physics and might be useful for quantum-based information

J. Appel/Univ. of Copenhagen

Option 2 - Evanescent fields
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Option 3 - Collective effects in Rydberg atoms

!�
<latexit sha1_base64="+nYLyaBzMyZlPGePtekV80n4Dkc=">AAAB9XicdVDLSgMxFM3UV62vqks3wSK4GjJtHdtd0Y3LCvYBnbFkMmkbmpkMSUYpQ//DjQtF3Pov7vwb04egogcCh3Pu4d6cIOFMaYQ+rNzK6tr6Rn6zsLW9s7tX3D9oK5FKQltEcCG7AVaUs5i2NNOcdhNJcRRw2gnGlzO/c0elYiK+0ZOE+hEexmzACNZGuvVERIe473GTCHG/WEJ2vY6qjguRfYZQ2a0bgirlmutCx0ZzlMASzX7x3QsFSSMaa8KxUj0HJdrPsNSMcDoteKmiCSZjPKQ9Q2McUeVn86un8MQoIRwIaV6s4Vz9nshwpNQkCsxkhPVI/fZm4l9eL9WDmp+xOEk1jcli0SDlUAs4qwCGTFKi+cQQTCQzt0IywhITbYoqmBK+fgr/J+2y7VRsdF0tNS6WdeTBETgGp8AB56ABrkATtAABEjyAJ/Bs3VuP1ov1uhjNWcvMIfgB6+0T+06S1Q==</latexit>

|1i
<latexit sha1_base64="9H3WAZgx5zOt2UN45FrAtZuB+3M=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6LHoxWMF+yFtKJvtpF26uwm7G6HE/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvTDjTxvO+ncLK6tr6RnGztLW9s7tX3j9o6jhVFBs05rFqh0QjZxIbhhmO7UQhESHHVji6mfqtR1SaxfLejBMMBBlIFjFKjJUenvyuInLAsVeueFVvBneZ+DmpQI56r/zV7cc0FSgN5UTrju8lJsiIMoxynJS6qcaE0BEZYMdSSQTqIJsdPHFPrNJ3o1jZksadqb8nMiK0HovQdgpihnrRm4r/eZ3URFdBxmSSGpR0vihKuWtid/q922cKqeFjSwhVzN7q0iFRhBqbUcmG4C++vEyaZ1X/vOrdXVRq13kcRTiCYzgFHy6hBrdQhwZQEPAMr/DmKOfFeXc+5q0FJ585hD9wPn8At16QWA==</latexit>

|2i
<latexit sha1_base64="f7gfOzHNsI368ylKyzDh5+SwVjI=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGC/ZA2lM120i7dbMLuRiixv8KLB0W8+nO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LejBP0IzqQPOSMGis9PFW7isqBwF6p7FbcGcgy8XJShhz1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns4Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfR70ucKmRFjSyhT3N5K2JAqyozNqGhD8BZfXibNasU7r7h3F+XadR5HAY7hBM7Ag0uowS3UoQEMIniGV3hzlPPivDsf89YVJ585gj9wPn8AuOmQWQ==</latexit>

U(r, r0) / 1

|r � r0|6
<latexit sha1_base64="WcfvdnvHUTwl0GlyCd3nLe5iR0M="></latexit>

!�
<latexit sha1_base64="+nYLyaBzMyZlPGePtekV80n4Dkc=">AAAB9XicdVDLSgMxFM3UV62vqks3wSK4GjJtHdtd0Y3LCvYBnbFkMmkbmpkMSUYpQ//DjQtF3Pov7vwb04egogcCh3Pu4d6cIOFMaYQ+rNzK6tr6Rn6zsLW9s7tX3D9oK5FKQltEcCG7AVaUs5i2NNOcdhNJcRRw2gnGlzO/c0elYiK+0ZOE+hEexmzACNZGuvVERIe473GTCHG/WEJ2vY6qjguRfYZQ2a0bgirlmutCx0ZzlMASzX7x3QsFSSMaa8KxUj0HJdrPsNSMcDoteKmiCSZjPKQ9Q2McUeVn86un8MQoIRwIaV6s4Vz9nshwpNQkCsxkhPVI/fZm4l9eL9WDmp+xOEk1jcli0SDlUAs4qwCGTFKi+cQQTCQzt0IywhITbYoqmBK+fgr/J+2y7VRsdF0tNS6WdeTBETgGp8AB56ABrkATtAABEjyAJ/Bs3VuP1ov1uhjNWcvMIfgB6+0T+06S1Q==</latexit>

|1i
<latexit sha1_base64="9H3WAZgx5zOt2UN45FrAtZuB+3M=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6LHoxWMF+yFtKJvtpF26uwm7G6HE/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvTDjTxvO+ncLK6tr6RnGztLW9s7tX3j9o6jhVFBs05rFqh0QjZxIbhhmO7UQhESHHVji6mfqtR1SaxfLejBMMBBlIFjFKjJUenvyuInLAsVeueFVvBneZ+DmpQI56r/zV7cc0FSgN5UTrju8lJsiIMoxynJS6qcaE0BEZYMdSSQTqIJsdPHFPrNJ3o1jZksadqb8nMiK0HovQdgpihnrRm4r/eZ3URFdBxmSSGpR0vihKuWtid/q922cKqeFjSwhVzN7q0iFRhBqbUcmG4C++vEyaZ1X/vOrdXVRq13kcRTiCYzgFHy6hBrdQhwZQEPAMr/DmKOfFeXc+5q0FJ585hD9wPn8At16QWA==</latexit>

|2i
<latexit sha1_base64="f7gfOzHNsI368ylKyzDh5+SwVjI=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGC/ZA2lM120i7dbMLuRiixv8KLB0W8+nO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LejBP0IzqQPOSMGis9PFW7isqBwF6p7FbcGcgy8XJShhz1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns4Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfR70ucKmRFjSyhT3N5K2JAqyozNqGhD8BZfXibNasU7r7h3F+XadR5HAY7hBM7Ag0uowS3UoQEMIniGV3hzlPPivDsf89YVJ585gj9wPn8AuOmQWQ==</latexit>U(r, r0)

<latexit sha1_base64="8sHnn2IYtu+Is0MNWJlV0y3oU0g=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBaxgoQkDW29Fb14rGBsoQ1ls920SzebsLsRSuiP8OJBEa/+Hm/+GzdtBRV9MPB4b4aZeUHCqFSW9WEUVlbX1jeKm6Wt7Z3dvfL+wZ2MU4GJh2MWi26AJGGUE09RxUg3EQRFASOdYHKV+517IiSN+a2aJsSP0IjTkGKktNTxquJcnJ4NyhXLvGjWHbcOLdOyGrZj58RpuDUX2lrJUQFLtAfl9/4wxmlEuMIMSdmzrUT5GRKKYkZmpX4qSYLwBI1IT1OOIiL9bH7uDJ5oZQjDWOjiCs7V7xMZiqScRoHujJAay99eLv7l9VIVNv2M8iRVhOPFojBlUMUw/x0OqSBYsakmCAuqb4V4jATCSidU0iF8fQr/J3eOaddM68attC6XcRTBETgGVWCDBmiBa9AGHsBgAh7AE3g2EuPReDFeF60FYzlzCH7AePsER9WO4Q==</latexit>

�
<latexit sha1_base64="f8Sx5uOm3YcrlFEtxe3WEVk1eUs=">AAAB7XicdVDLSgMxFM34rPVVdekmWARXQ6atY7srunFZwT6gHUomzbSxyWRIMkIZ+g9uXCji1v9x59+YPgQVPXDhcM693HtPmHCmDUIfzsrq2vrGZm4rv72zu7dfODhsaZkqQptEcqk6IdaUs5g2DTOcdhJFsQg5bYfjq5nfvqdKMxnfmklCA4GHMYsYwcZKrd4QC4H7hSJyazVU8XyI3HOESn7NElQuVX0fei6aowiWaPQL772BJKmgsSEca931UGKCDCvDCKfTfC/VNMFkjIe0a2mMBdVBNr92Ck+tMoCRVLZiA+fq94kMC60nIrSdApuR/u3NxL+8bmqiapCxOEkNjcliUZRyaCScvQ4HTFFi+MQSTBSzt0IywgoTYwPK2xC+PoX/k1bJ9couuqkU65fLOHLgGJyAM+CBC1AH16ABmoCAO/AAnsCzI51H58V5XbSuOMuZI/ADztsn9Z6PYw==</latexit>

Rydberg Blockade: U � �
<latexit sha1_base64="xVmCoTHHUaHhUMw291Is1RO/SaA=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBbBU0lU0GPRi8cKphabUCbbTbp0dxN2N0IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZelHGmjet+O5WV1bX1jepmbWt7Z3evvn/Q0WmuCPVJylPVjUBTziT1DTOcdjNFQUScPkSjm6n/8ESVZqm8N+OMhgISyWJGwFjp0Q+SJEhACOjXG27TnQEvE68kDVSi3a9/BYOU5IJKQzho3fPczIQFKMMIp5NakGuaARlBQnuWShBUh8Xs4gk+scoAx6myJQ2eqb8nChBaj0VkOwWYoV70puJ/Xi838VVYMJnlhkoyXxTnHJsUT9/HA6YoMXxsCRDF7K2YDEEBMTakmg3BW3x5mXTOmt550727aLSuyziq6Agdo1PkoUvUQreojXxEkETP6BW9Odp5cd6dj3lrxSlnDtEfOJ8/axqQvg==</latexit>

Only one of the two atoms can be excited

Blockade Radius within which only a single atom can be excited

Source: Univ. Stuttgart

2rb
<latexit sha1_base64="VFan5QvjU9USEUDsS2wtFZJsyLs=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARXJWkCrosunFZwT6gCWEymbZDZyZhZiKUEDf+ihsXirj1L9z5N07TLLT1wIXDOffOnXvChFGlHefbqqysrq1vVDdrW9s7u3v2/kFXxanEpINjFst+iBRhVJCOppqRfiIJ4iEjvXByM/N7D0QqGot7PU2Iz9FI0CHFSBspsI8yr3gkkyTKm1AGmSc5DPM8sOtOwykAl4lbkjoo0Q7sLy+KccqJ0JghpQauk2g/Q1JTzEhe81JFEoQnaEQGhgrEifKzYnkOT40SwWEsTQkNC/X3RIa4UlMemk6O9FgtejPxP2+Q6uGVn1GRpJoIPF80TBnUMZzFASMqCdZsagjCkpq/QjxGEmFtQquZENzFk5dJt9lwzxvO3UW9dV3GUQXH4AScARdcgha4BW3QARg8gmfwCt6sJ+vFerc+5q0Vq5w5BH9gff4Az7eXGw==</latexit>
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Option 3 - Collective effects in Rydberg atoms

!�
<latexit sha1_base64="+nYLyaBzMyZlPGePtekV80n4Dkc=">AAAB9XicdVDLSgMxFM3UV62vqks3wSK4GjJtHdtd0Y3LCvYBnbFkMmkbmpkMSUYpQ//DjQtF3Pov7vwb04egogcCh3Pu4d6cIOFMaYQ+rNzK6tr6Rn6zsLW9s7tX3D9oK5FKQltEcCG7AVaUs5i2NNOcdhNJcRRw2gnGlzO/c0elYiK+0ZOE+hEexmzACNZGuvVERIe473GTCHG/WEJ2vY6qjguRfYZQ2a0bgirlmutCx0ZzlMASzX7x3QsFSSMaa8KxUj0HJdrPsNSMcDoteKmiCSZjPKQ9Q2McUeVn86un8MQoIRwIaV6s4Vz9nshwpNQkCsxkhPVI/fZm4l9eL9WDmp+xOEk1jcli0SDlUAs4qwCGTFKi+cQQTCQzt0IywhITbYoqmBK+fgr/J+2y7VRsdF0tNS6WdeTBETgGp8AB56ABrkATtAABEjyAJ/Bs3VuP1ov1uhjNWcvMIfgB6+0T+06S1Q==</latexit>

|1i
<latexit sha1_base64="9H3WAZgx5zOt2UN45FrAtZuB+3M=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6LHoxWMF+yFtKJvtpF26uwm7G6HE/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvTDjTxvO+ncLK6tr6RnGztLW9s7tX3j9o6jhVFBs05rFqh0QjZxIbhhmO7UQhESHHVji6mfqtR1SaxfLejBMMBBlIFjFKjJUenvyuInLAsVeueFVvBneZ+DmpQI56r/zV7cc0FSgN5UTrju8lJsiIMoxynJS6qcaE0BEZYMdSSQTqIJsdPHFPrNJ3o1jZksadqb8nMiK0HovQdgpihnrRm4r/eZ3URFdBxmSSGpR0vihKuWtid/q922cKqeFjSwhVzN7q0iFRhBqbUcmG4C++vEyaZ1X/vOrdXVRq13kcRTiCYzgFHy6hBrdQhwZQEPAMr/DmKOfFeXc+5q0FJ585hD9wPn8At16QWA==</latexit>

|2i
<latexit sha1_base64="f7gfOzHNsI368ylKyzDh5+SwVjI=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGC/ZA2lM120i7dbMLuRiixv8KLB0W8+nO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LejBP0IzqQPOSMGis9PFW7isqBwF6p7FbcGcgy8XJShhz1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns4Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfR70ucKmRFjSyhT3N5K2JAqyozNqGhD8BZfXibNasU7r7h3F+XadR5HAY7hBM7Ag0uowS3UoQEMIniGV3hzlPPivDsf89YVJ585gj9wPn8AuOmQWQ==</latexit>

U(r, r0) / 1

|r � r0|6
<latexit sha1_base64="WcfvdnvHUTwl0GlyCd3nLe5iR0M="></latexit>

!�
<latexit sha1_base64="+nYLyaBzMyZlPGePtekV80n4Dkc=">AAAB9XicdVDLSgMxFM3UV62vqks3wSK4GjJtHdtd0Y3LCvYBnbFkMmkbmpkMSUYpQ//DjQtF3Pov7vwb04egogcCh3Pu4d6cIOFMaYQ+rNzK6tr6Rn6zsLW9s7tX3D9oK5FKQltEcCG7AVaUs5i2NNOcdhNJcRRw2gnGlzO/c0elYiK+0ZOE+hEexmzACNZGuvVERIe473GTCHG/WEJ2vY6qjguRfYZQ2a0bgirlmutCx0ZzlMASzX7x3QsFSSMaa8KxUj0HJdrPsNSMcDoteKmiCSZjPKQ9Q2McUeVn86un8MQoIRwIaV6s4Vz9nshwpNQkCsxkhPVI/fZm4l9eL9WDmp+xOEk1jcli0SDlUAs4qwCGTFKi+cQQTCQzt0IywhITbYoqmBK+fgr/J+2y7VRsdF0tNS6WdeTBETgGp8AB56ABrkATtAABEjyAJ/Bs3VuP1ov1uhjNWcvMIfgB6+0T+06S1Q==</latexit>

|1i
<latexit sha1_base64="9H3WAZgx5zOt2UN45FrAtZuB+3M=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6LHoxWMF+yFtKJvtpF26uwm7G6HE/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvTDjTxvO+ncLK6tr6RnGztLW9s7tX3j9o6jhVFBs05rFqh0QjZxIbhhmO7UQhESHHVji6mfqtR1SaxfLejBMMBBlIFjFKjJUenvyuInLAsVeueFVvBneZ+DmpQI56r/zV7cc0FSgN5UTrju8lJsiIMoxynJS6qcaE0BEZYMdSSQTqIJsdPHFPrNJ3o1jZksadqb8nMiK0HovQdgpihnrRm4r/eZ3URFdBxmSSGpR0vihKuWtid/q922cKqeFjSwhVzN7q0iFRhBqbUcmG4C++vEyaZ1X/vOrdXVRq13kcRTiCYzgFHy6hBrdQhwZQEPAMr/DmKOfFeXc+5q0FJ585hD9wPn8At16QWA==</latexit>

|2i
<latexit sha1_base64="f7gfOzHNsI368ylKyzDh5+SwVjI=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGC/ZA2lM120i7dbMLuRiixv8KLB0W8+nO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LejBP0IzqQPOSMGis9PFW7isqBwF6p7FbcGcgy8XJShhz1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns4Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfR70ucKmRFjSyhT3N5K2JAqyozNqGhD8BZfXibNasU7r7h3F+XadR5HAY7hBM7Ag0uowS3UoQEMIniGV3hzlPPivDsf89YVJ585gj9wPn8AuOmQWQ==</latexit>U(r, r0)

<latexit sha1_base64="8sHnn2IYtu+Is0MNWJlV0y3oU0g=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBaxgoQkDW29Fb14rGBsoQ1ls920SzebsLsRSuiP8OJBEa/+Hm/+GzdtBRV9MPB4b4aZeUHCqFSW9WEUVlbX1jeKm6Wt7Z3dvfL+wZ2MU4GJh2MWi26AJGGUE09RxUg3EQRFASOdYHKV+517IiSN+a2aJsSP0IjTkGKktNTxquJcnJ4NyhXLvGjWHbcOLdOyGrZj58RpuDUX2lrJUQFLtAfl9/4wxmlEuMIMSdmzrUT5GRKKYkZmpX4qSYLwBI1IT1OOIiL9bH7uDJ5oZQjDWOjiCs7V7xMZiqScRoHujJAay99eLv7l9VIVNv2M8iRVhOPFojBlUMUw/x0OqSBYsakmCAuqb4V4jATCSidU0iF8fQr/J3eOaddM68attC6XcRTBETgGVWCDBmiBa9AGHsBgAh7AE3g2EuPReDFeF60FYzlzCH7AePsER9WO4Q==</latexit>

�
<latexit sha1_base64="f8Sx5uOm3YcrlFEtxe3WEVk1eUs=">AAAB7XicdVDLSgMxFM34rPVVdekmWARXQ6atY7srunFZwT6gHUomzbSxyWRIMkIZ+g9uXCji1v9x59+YPgQVPXDhcM693HtPmHCmDUIfzsrq2vrGZm4rv72zu7dfODhsaZkqQptEcqk6IdaUs5g2DTOcdhJFsQg5bYfjq5nfvqdKMxnfmklCA4GHMYsYwcZKrd4QC4H7hSJyazVU8XyI3HOESn7NElQuVX0fei6aowiWaPQL772BJKmgsSEca931UGKCDCvDCKfTfC/VNMFkjIe0a2mMBdVBNr92Ck+tMoCRVLZiA+fq94kMC60nIrSdApuR/u3NxL+8bmqiapCxOEkNjcliUZRyaCScvQ4HTFFi+MQSTBSzt0IywgoTYwPK2xC+PoX/k1bJ9couuqkU65fLOHLgGJyAM+CBC1AH16ABmoCAO/AAnsCzI51H58V5XbSuOMuZI/ADztsn9Z6PYw==</latexit>

Rydberg Blockade: U � �
<latexit sha1_base64="xVmCoTHHUaHhUMw291Is1RO/SaA=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBbBU0lU0GPRi8cKphabUCbbTbp0dxN2N0IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZelHGmjet+O5WV1bX1jepmbWt7Z3evvn/Q0WmuCPVJylPVjUBTziT1DTOcdjNFQUScPkSjm6n/8ESVZqm8N+OMhgISyWJGwFjp0Q+SJEhACOjXG27TnQEvE68kDVSi3a9/BYOU5IJKQzho3fPczIQFKMMIp5NakGuaARlBQnuWShBUh8Xs4gk+scoAx6myJQ2eqb8nChBaj0VkOwWYoV70puJ/Xi838VVYMJnlhkoyXxTnHJsUT9/HA6YoMXxsCRDF7K2YDEEBMTakmg3BW3x5mXTOmt550727aLSuyziq6Agdo1PkoUvUQreojXxEkETP6BW9Odp5cd6dj3lrxSlnDtEfOJ8/axqQvg==</latexit>

Only one of the two atoms can be excited

Blockade Radius within which only a single atom can be excited

Source: Univ. Stuttgart

A single photon can saturate the whole blockade radius

“Superatom” made of         atomsNb
<latexit sha1_base64="VL6SivkVY0qa0nVj4CiwcwKxzV0=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyqoMegF08SwTwkWcLsZDYZMo9lZlYIS77CiwdFvPo53vwbJ8keNLGgoajqprsrSjgz1ve/vcLK6tr6RnGztLW9s7tX3j9oGpVqQhtEcaXbETaUM0kblllO24mmWESctqLRzdRvPVFtmJIPdpzQUOCBZDEj2Drp8a6XdbVA0aRXrvhVfwa0TIKcVCBHvVf+6vYVSQWVlnBsTCfwExtmWFtGOJ2UuqmhCSYjPKAdRyUW1ITZ7OAJOnFKH8VKu5IWzdTfExkWxoxF5DoFtkOz6E3F/7xOauOrMGMySS2VZL4oTjmyCk2/R32mKbF87AgmmrlbERlijYl1GZVcCMHiy8ukeVYNzqv+/UWldp3HUYQjOIZTCOASanALdWgAAQHP8ApvnvZevHfvY95a8PKZQ/gD7/MHhqWQOA==</latexit> ImCres =

Nbg2res
L
c

�
= Nb

�2
12

d2
<latexit sha1_base64="FGt0h6Mdv7wptVz/Ovm70Q+LLns="></latexit>

2rb
<latexit sha1_base64="VFan5QvjU9USEUDsS2wtFZJsyLs=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARXJWkCrosunFZwT6gCWEymbZDZyZhZiKUEDf+ihsXirj1L9z5N07TLLT1wIXDOffOnXvChFGlHefbqqysrq1vVDdrW9s7u3v2/kFXxanEpINjFst+iBRhVJCOppqRfiIJ4iEjvXByM/N7D0QqGot7PU2Iz9FI0CHFSBspsI8yr3gkkyTKm1AGmSc5DPM8sOtOwykAl4lbkjoo0Q7sLy+KccqJ0JghpQauk2g/Q1JTzEhe81JFEoQnaEQGhgrEifKzYnkOT40SwWEsTQkNC/X3RIa4UlMemk6O9FgtejPxP2+Q6uGVn1GRpJoIPF80TBnUMZzFASMqCdZsagjCkpq/QjxGEmFtQquZENzFk5dJt9lwzxvO3UW9dV3GUQXH4AScARdcgha4BW3QARg8gmfwCt6sJ+vFerc+5q0Vq5w5BH9gff4Az7eXGw==</latexit>

g !
p
Nbg

<latexit sha1_base64="C2z2yEXrqvfmeVzE9fPTLv/NUSE=">AAACC3icbVDLSsNAFJ34rPUVdelmaBFclUQFXRbduJIK9gFNKJPpJB06eThzI5SQvRt/xY0LRdz6A+78G6dpFtp64MLhnHvnzj1eIrgCy/o2lpZXVtfWKxvVza3tnV1zb7+j4lRS1qaxiGXPI4oJHrE2cBCsl0hGQk+wrje+mvrdByYVj6M7mCTMDUkQcZ9TAloamLXAgdhR9xKyzCmeyyQb5jeDzJEh9vI8DwZm3WpYBfAisUtSRyVaA/PLGcY0DVkEVBCl+raVgJsRCZwKlledVLGE0DEJWF/TiIRMuVmxPMdHWhliP5a6IsCF+nsiI6FSk9DTnSGBkZr3puJ/Xj8F/8LNeJSkwCI6W+SnAkOMp8HgIZeMgphoQqjk+q+YjogkFHR8VR2CPX/yIumcNOzThnV7Vm9elnFU0CGqoWNko3PURNeohdqIokf0jF7Rm/FkvBjvxsesdckoZw7QHxifP+OXnDQ=</latexit>
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Implementing the nonlinearity

Needs an active element in the medium: 
Atomic degree of freedom which is nonlinearly coupled to the photon 

Atomic saturation
Multiple excitations avoided 

Due to nonlinear level spacing

|ki
<latexit sha1_base64="FGzWOBIszCMqwImLU2kD49tBCxM=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cK9kPaUDbbSbt0swm7G6HE/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+W9GSfoR3QgecgZNVZ6eBp1FZUDgb1yxa26M5Bl4uWkAjnqvfJXtx+zNEJpmKBadzw3MX5GleFM4KTUTTUmlI3oADuWShqh9rPZwRNyYpU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjlZ1wmqUHJ5ovCVBATk+n3pM8VMiPGllCmuL2VsCFVlBmbUcmG4C2+vEyaZ1XvvOreXVRq13kcRTiCYzgFDy6hBrdQhwYwiOAZXuHNUc6L8+58zFsLTj5zCH/gfP4AEOuQkg==</latexit>

|ji
<latexit sha1_base64="5HjoS5uzSu0LSVPAi5j/5D8j9hM=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KokKeix68VjBfkgbymY7adduNmF3I5TYX+HFgyJe/Tne/Ddu2xy09cHA470ZZuYFieDauO63s7S8srq2Xtgobm5t7+yW9vYbOk4VwzqLRaxaAdUouMS64UZgK1FIo0BgMxheT/zmIyrNY3lnRgn6Ee1LHnJGjZXunx46isq+wG6p7FbcKcgi8XJShhy1bumr04tZGqE0TFCt256bGD+jynAmcFzspBoTyoa0j21LJY1Q+9n04DE5tkqPhLGyJQ2Zqr8nMhppPYoC2xlRM9Dz3kT8z2unJrz0My6T1KBks0VhKoiJyeR70uMKmREjSyhT3N5K2IAqyozNqGhD8OZfXiSN04p3VnFvz8vVqzyOAhzCEZyABxdQhRuoQR0YRPAMr/DmKOfFeXc+Zq1LTj5zAH/gfP4AD2CQkQ==</latexit>

!�
<latexit sha1_base64="+nYLyaBzMyZlPGePtekV80n4Dkc=">AAAB9XicdVDLSgMxFM3UV62vqks3wSK4GjJtHdtd0Y3LCvYBnbFkMmkbmpkMSUYpQ//DjQtF3Pov7vwb04egogcCh3Pu4d6cIOFMaYQ+rNzK6tr6Rn6zsLW9s7tX3D9oK5FKQltEcCG7AVaUs5i2NNOcdhNJcRRw2gnGlzO/c0elYiK+0ZOE+hEexmzACNZGuvVERIe473GTCHG/WEJ2vY6qjguRfYZQ2a0bgirlmutCx0ZzlMASzX7x3QsFSSMaa8KxUj0HJdrPsNSMcDoteKmiCSZjPKQ9Q2McUeVn86un8MQoIRwIaV6s4Vz9nshwpNQkCsxkhPVI/fZm4l9eL9WDmp+xOEk1jcli0SDlUAs4qwCGTFKi+cQQTCQzt0IywhITbYoqmBK+fgr/J+2y7VRsdF0tNS6WdeTBETgGp8AB56ABrkATtAABEjyAJ/Bs3VuP1ov1uhjNWcvMIfgB6+0T+06S1Q==</latexit>

!�
<latexit sha1_base64="+nYLyaBzMyZlPGePtekV80n4Dkc=">AAAB9XicdVDLSgMxFM3UV62vqks3wSK4GjJtHdtd0Y3LCvYBnbFkMmkbmpkMSUYpQ//DjQtF3Pov7vwb04egogcCh3Pu4d6cIOFMaYQ+rNzK6tr6Rn6zsLW9s7tX3D9oK5FKQltEcCG7AVaUs5i2NNOcdhNJcRRw2gnGlzO/c0elYiK+0ZOE+hEexmzACNZGuvVERIe473GTCHG/WEJ2vY6qjguRfYZQ2a0bgirlmutCx0ZzlMASzX7x3QsFSSMaa8KxUj0HJdrPsNSMcDoteKmiCSZjPKQ9Q2McUeVn86un8MQoIRwIaV6s4Vz9nshwpNQkCsxkhPVI/fZm4l9eL9WDmp+xOEk1jcli0SDlUAs4qwCGTFKi+cQQTCQzt0IywhITbYoqmBK+fgr/J+2y7VRsdF0tNS6WdeTBETgGp8AB56ABrkATtAABEjyAJ/Bs3VuP1ov1uhjNWcvMIfgB6+0T+06S1Q==</latexit>

|li
<latexit sha1_base64="Y76B+IIY7X3Ftu9uNRP5MfO8eJk=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cK9gObUDbbSbt0swm7G6HU/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ncLK6tr6RnGztLW9s7tX3j9o6iRTDBssEYlqh1Sj4BIbhhuB7VQhjUOBrXB4M/Vbj6g0T+S9GaUYxLQvecQZNVZ6ePKFr6jsC+yWK27VnYEsEy8nFchR75a//F7CshilYYJq3fHc1ARjqgxnAiclP9OYUjakfexYKmmMOhjPLp6QE6v0SJQoW9KQmfp7YkxjrUdxaDtjagZ60ZuK/3mdzERXwZjLNDMo2XxRlAliEjJ9n/S4QmbEyBLKFLe3EjagijJjQyrZELzFl5dJ86zqnVfdu4tK7TqPowhHcAyn4MEl1OAW6tAABhKe4RXeHO28OO/Ox7y14OQzh/AHzucPxjaQ+Q==</latexit>

|  Francesco Piazza
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Implementing the nonlinearity

Needs an active element in the medium: 
Atomic degree of freedom which is nonlinearly coupled to the photon 

Atomic saturation Interatomic interactions
Multiple excitations avoided 

Due to nonlinear level spacing
Example: Rydberg interaction

|ki
<latexit sha1_base64="FGzWOBIszCMqwImLU2kD49tBCxM=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cK9kPaUDbbSbt0swm7G6HE/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+W9GSfoR3QgecgZNVZ6eBp1FZUDgb1yxa26M5Bl4uWkAjnqvfJXtx+zNEJpmKBadzw3MX5GleFM4KTUTTUmlI3oADuWShqh9rPZwRNyYpU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjlZ1wmqUHJ5ovCVBATk+n3pM8VMiPGllCmuL2VsCFVlBmbUcmG4C2+vEyaZ1XvvOreXVRq13kcRTiCYzgFDy6hBrdQhwYwiOAZXuHNUc6L8+58zFsLTj5zCH/gfP4AEOuQkg==</latexit>

|ji
<latexit sha1_base64="5HjoS5uzSu0LSVPAi5j/5D8j9hM=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KokKeix68VjBfkgbymY7adduNmF3I5TYX+HFgyJe/Tne/Ddu2xy09cHA470ZZuYFieDauO63s7S8srq2Xtgobm5t7+yW9vYbOk4VwzqLRaxaAdUouMS64UZgK1FIo0BgMxheT/zmIyrNY3lnRgn6Ee1LHnJGjZXunx46isq+wG6p7FbcKcgi8XJShhy1bumr04tZGqE0TFCt256bGD+jynAmcFzspBoTyoa0j21LJY1Q+9n04DE5tkqPhLGyJQ2Zqr8nMhppPYoC2xlRM9Dz3kT8z2unJrz0My6T1KBks0VhKoiJyeR70uMKmREjSyhT3N5K2IAqyozNqGhD8OZfXiSN04p3VnFvz8vVqzyOAhzCEZyABxdQhRuoQR0YRPAMr/DmKOfFeXc+Zq1LTj5zAH/gfP4AD2CQkQ==</latexit>

!�
<latexit sha1_base64="+nYLyaBzMyZlPGePtekV80n4Dkc=">AAAB9XicdVDLSgMxFM3UV62vqks3wSK4GjJtHdtd0Y3LCvYBnbFkMmkbmpkMSUYpQ//DjQtF3Pov7vwb04egogcCh3Pu4d6cIOFMaYQ+rNzK6tr6Rn6zsLW9s7tX3D9oK5FKQltEcCG7AVaUs5i2NNOcdhNJcRRw2gnGlzO/c0elYiK+0ZOE+hEexmzACNZGuvVERIe473GTCHG/WEJ2vY6qjguRfYZQ2a0bgirlmutCx0ZzlMASzX7x3QsFSSMaa8KxUj0HJdrPsNSMcDoteKmiCSZjPKQ9Q2McUeVn86un8MQoIRwIaV6s4Vz9nshwpNQkCsxkhPVI/fZm4l9eL9WDmp+xOEk1jcli0SDlUAs4qwCGTFKi+cQQTCQzt0IywhITbYoqmBK+fgr/J+2y7VRsdF0tNS6WdeTBETgGp8AB56ABrkATtAABEjyAJ/Bs3VuP1ov1uhjNWcvMIfgB6+0T+06S1Q==</latexit>

!�
<latexit sha1_base64="+nYLyaBzMyZlPGePtekV80n4Dkc=">AAAB9XicdVDLSgMxFM3UV62vqks3wSK4GjJtHdtd0Y3LCvYBnbFkMmkbmpkMSUYpQ//DjQtF3Pov7vwb04egogcCh3Pu4d6cIOFMaYQ+rNzK6tr6Rn6zsLW9s7tX3D9oK5FKQltEcCG7AVaUs5i2NNOcdhNJcRRw2gnGlzO/c0elYiK+0ZOE+hEexmzACNZGuvVERIe473GTCHG/WEJ2vY6qjguRfYZQ2a0bgirlmutCx0ZzlMASzX7x3QsFSSMaa8KxUj0HJdrPsNSMcDoteKmiCSZjPKQ9Q2McUeVn86un8MQoIRwIaV6s4Vz9nshwpNQkCsxkhPVI/fZm4l9eL9WDmp+xOEk1jcli0SDlUAs4qwCGTFKi+cQQTCQzt0IywhITbYoqmBK+fgr/J+2y7VRsdF0tNS6WdeTBETgGp8AB56ABrkATtAABEjyAJ/Bs3VuP1ov1uhjNWcvMIfgB6+0T+06S1Q==</latexit>

|li
<latexit sha1_base64="Y76B+IIY7X3Ftu9uNRP5MfO8eJk=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cK9gObUDbbSbt0swm7G6HU/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ncLK6tr6RnGztLW9s7tX3j9o6iRTDBssEYlqh1Sj4BIbhhuB7VQhjUOBrXB4M/Vbj6g0T+S9GaUYxLQvecQZNVZ6ePKFr6jsC+yWK27VnYEsEy8nFchR75a//F7CshilYYJq3fHc1ARjqgxnAiclP9OYUjakfexYKmmMOhjPLp6QE6v0SJQoW9KQmfp7YkxjrUdxaDtjagZ60ZuK/3mdzERXwZjLNDMo2XxRlAliEjJ9n/S4QmbEyBLKFLe3EjagijJjQyrZELzFl5dJ86zqnVfdu4tK7TqPowhHcAyn4MEl1OAW6tAABhKe4RXeHO28OO/Ox7y14OQzh/AHzucPxjaQ+Q==</latexit>

|  Francesco Piazza

!�
<latexit sha1_base64="+nYLyaBzMyZlPGePtekV80n4Dkc=">AAAB9XicdVDLSgMxFM3UV62vqks3wSK4GjJtHdtd0Y3LCvYBnbFkMmkbmpkMSUYpQ//DjQtF3Pov7vwb04egogcCh3Pu4d6cIOFMaYQ+rNzK6tr6Rn6zsLW9s7tX3D9oK5FKQltEcCG7AVaUs5i2NNOcdhNJcRRw2gnGlzO/c0elYiK+0ZOE+hEexmzACNZGuvVERIe473GTCHG/WEJ2vY6qjguRfYZQ2a0bgirlmutCx0ZzlMASzX7x3QsFSSMaa8KxUj0HJdrPsNSMcDoteKmiCSZjPKQ9Q2McUeVn86un8MQoIRwIaV6s4Vz9nshwpNQkCsxkhPVI/fZm4l9eL9WDmp+xOEk1jcli0SDlUAs4qwCGTFKi+cQQTCQzt0IywhITbYoqmBK+fgr/J+2y7VRsdF0tNS6WdeTBETgGp8AB56ABrkATtAABEjyAJ/Bs3VuP1ov1uhjNWcvMIfgB6+0T+06S1Q==</latexit>

|1i
<latexit sha1_base64="9H3WAZgx5zOt2UN45FrAtZuB+3M=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6LHoxWMF+yFtKJvtpF26uwm7G6HE/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvTDjTxvO+ncLK6tr6RnGztLW9s7tX3j9o6jhVFBs05rFqh0QjZxIbhhmO7UQhESHHVji6mfqtR1SaxfLejBMMBBlIFjFKjJUenvyuInLAsVeueFVvBneZ+DmpQI56r/zV7cc0FSgN5UTrju8lJsiIMoxynJS6qcaE0BEZYMdSSQTqIJsdPHFPrNJ3o1jZksadqb8nMiK0HovQdgpihnrRm4r/eZ3URFdBxmSSGpR0vihKuWtid/q922cKqeFjSwhVzN7q0iFRhBqbUcmG4C++vEyaZ1X/vOrdXVRq13kcRTiCYzgFHy6hBrdQhwZQEPAMr/DmKOfFeXc+5q0FJ585hD9wPn8At16QWA==</latexit>

|2i
<latexit sha1_base64="f7gfOzHNsI368ylKyzDh5+SwVjI=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGC/ZA2lM120i7dbMLuRiixv8KLB0W8+nO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LejBP0IzqQPOSMGis9PFW7isqBwF6p7FbcGcgy8XJShhz1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns4Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfR70ucKmRFjSyhT3N5K2JAqyozNqGhD8BZfXibNasU7r7h3F+XadR5HAY7hBM7Ag0uowS3UoQEMIniGV3hzlPPivDsf89YVJ585gj9wPn8AuOmQWQ==</latexit>

!�
<latexit sha1_base64="+nYLyaBzMyZlPGePtekV80n4Dkc=">AAAB9XicdVDLSgMxFM3UV62vqks3wSK4GjJtHdtd0Y3LCvYBnbFkMmkbmpkMSUYpQ//DjQtF3Pov7vwb04egogcCh3Pu4d6cIOFMaYQ+rNzK6tr6Rn6zsLW9s7tX3D9oK5FKQltEcCG7AVaUs5i2NNOcdhNJcRRw2gnGlzO/c0elYiK+0ZOE+hEexmzACNZGuvVERIe473GTCHG/WEJ2vY6qjguRfYZQ2a0bgirlmutCx0ZzlMASzX7x3QsFSSMaa8KxUj0HJdrPsNSMcDoteKmiCSZjPKQ9Q2McUeVn86un8MQoIRwIaV6s4Vz9nshwpNQkCsxkhPVI/fZm4l9eL9WDmp+xOEk1jcli0SDlUAs4qwCGTFKi+cQQTCQzt0IywhITbYoqmBK+fgr/J+2y7VRsdF0tNS6WdeTBETgGp8AB56ABrkATtAABEjyAJ/Bs3VuP1ov1uhjNWcvMIfgB6+0T+06S1Q==</latexit>

|1i
<latexit sha1_base64="9H3WAZgx5zOt2UN45FrAtZuB+3M=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6LHoxWMF+yFtKJvtpF26uwm7G6HE/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvTDjTxvO+ncLK6tr6RnGztLW9s7tX3j9o6jhVFBs05rFqh0QjZxIbhhmO7UQhESHHVji6mfqtR1SaxfLejBMMBBlIFjFKjJUenvyuInLAsVeueFVvBneZ+DmpQI56r/zV7cc0FSgN5UTrju8lJsiIMoxynJS6qcaE0BEZYMdSSQTqIJsdPHFPrNJ3o1jZksadqb8nMiK0HovQdgpihnrRm4r/eZ3URFdBxmSSGpR0vihKuWtid/q922cKqeFjSwhVzN7q0iFRhBqbUcmG4C++vEyaZ1X/vOrdXVRq13kcRTiCYzgFHy6hBrdQhwZQEPAMr/DmKOfFeXc+5q0FJ585hD9wPn8At16QWA==</latexit>

|2i
<latexit sha1_base64="f7gfOzHNsI368ylKyzDh5+SwVjI=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGC/ZA2lM120i7dbMLuRiixv8KLB0W8+nO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LejBP0IzqQPOSMGis9PFW7isqBwF6p7FbcGcgy8XJShhz1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns4Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfR70ucKmRFjSyhT3N5K2JAqyozNqGhD8BZfXibNasU7r7h3F+XadR5HAY7hBM7Ag0uowS3UoQEMIniGV3hzlPPivDsf89YVJ585gj9wPn8AuOmQWQ==</latexit>U(r, r0)

<latexit sha1_base64="8sHnn2IYtu+Is0MNWJlV0y3oU0g=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBaxgoQkDW29Fb14rGBsoQ1ls920SzebsLsRSuiP8OJBEa/+Hm/+GzdtBRV9MPB4b4aZeUHCqFSW9WEUVlbX1jeKm6Wt7Z3dvfL+wZ2MU4GJh2MWi26AJGGUE09RxUg3EQRFASOdYHKV+517IiSN+a2aJsSP0IjTkGKktNTxquJcnJ4NyhXLvGjWHbcOLdOyGrZj58RpuDUX2lrJUQFLtAfl9/4wxmlEuMIMSdmzrUT5GRKKYkZmpX4qSYLwBI1IT1OOIiL9bH7uDJ5oZQjDWOjiCs7V7xMZiqScRoHujJAay99eLv7l9VIVNv2M8iRVhOPFojBlUMUw/x0OqSBYsakmCAuqb4V4jATCSidU0iF8fQr/J3eOaddM68attC6XcRTBETgGVWCDBmiBa9AGHsBgAh7AE3g2EuPReDFeF60FYzlzCH7AePsER9WO4Q==</latexit>
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Implementing the nonlinearity

Needs an active element in the medium: 
Atomic degree of freedom which is nonlinearly coupled to the photon 

Atomic saturation Interatomic interactions
Multiple excitations avoided 

Due to nonlinear level spacing
Example: Rydberg interaction

|ki
<latexit sha1_base64="FGzWOBIszCMqwImLU2kD49tBCxM=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cK9kPaUDbbSbt0swm7G6HE/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+W9GSfoR3QgecgZNVZ6eBp1FZUDgb1yxa26M5Bl4uWkAjnqvfJXtx+zNEJpmKBadzw3MX5GleFM4KTUTTUmlI3oADuWShqh9rPZwRNyYpU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjlZ1wmqUHJ5ovCVBATk+n3pM8VMiPGllCmuL2VsCFVlBmbUcmG4C2+vEyaZ1XvvOreXVRq13kcRTiCYzgFDy6hBrdQhwYwiOAZXuHNUc6L8+58zFsLTj5zCH/gfP4AEOuQkg==</latexit>

|ji
<latexit sha1_base64="5HjoS5uzSu0LSVPAi5j/5D8j9hM=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KokKeix68VjBfkgbymY7adduNmF3I5TYX+HFgyJe/Tne/Ddu2xy09cHA470ZZuYFieDauO63s7S8srq2Xtgobm5t7+yW9vYbOk4VwzqLRaxaAdUouMS64UZgK1FIo0BgMxheT/zmIyrNY3lnRgn6Ee1LHnJGjZXunx46isq+wG6p7FbcKcgi8XJShhy1bumr04tZGqE0TFCt256bGD+jynAmcFzspBoTyoa0j21LJY1Q+9n04DE5tkqPhLGyJQ2Zqr8nMhppPYoC2xlRM9Dz3kT8z2unJrz0My6T1KBks0VhKoiJyeR70uMKmREjSyhT3N5K2IAqyozNqGhD8OZfXiSN04p3VnFvz8vVqzyOAhzCEZyABxdQhRuoQR0YRPAMr/DmKOfFeXc+Zq1LTj5zAH/gfP4AD2CQkQ==</latexit>

!�
<latexit sha1_base64="+nYLyaBzMyZlPGePtekV80n4Dkc=">AAAB9XicdVDLSgMxFM3UV62vqks3wSK4GjJtHdtd0Y3LCvYBnbFkMmkbmpkMSUYpQ//DjQtF3Pov7vwb04egogcCh3Pu4d6cIOFMaYQ+rNzK6tr6Rn6zsLW9s7tX3D9oK5FKQltEcCG7AVaUs5i2NNOcdhNJcRRw2gnGlzO/c0elYiK+0ZOE+hEexmzACNZGuvVERIe473GTCHG/WEJ2vY6qjguRfYZQ2a0bgirlmutCx0ZzlMASzX7x3QsFSSMaa8KxUj0HJdrPsNSMcDoteKmiCSZjPKQ9Q2McUeVn86un8MQoIRwIaV6s4Vz9nshwpNQkCsxkhPVI/fZm4l9eL9WDmp+xOEk1jcli0SDlUAs4qwCGTFKi+cQQTCQzt0IywhITbYoqmBK+fgr/J+2y7VRsdF0tNS6WdeTBETgGp8AB56ABrkATtAABEjyAJ/Bs3VuP1ov1uhjNWcvMIfgB6+0T+06S1Q==</latexit>

!�
<latexit sha1_base64="+nYLyaBzMyZlPGePtekV80n4Dkc=">AAAB9XicdVDLSgMxFM3UV62vqks3wSK4GjJtHdtd0Y3LCvYBnbFkMmkbmpkMSUYpQ//DjQtF3Pov7vwb04egogcCh3Pu4d6cIOFMaYQ+rNzK6tr6Rn6zsLW9s7tX3D9oK5FKQltEcCG7AVaUs5i2NNOcdhNJcRRw2gnGlzO/c0elYiK+0ZOE+hEexmzACNZGuvVERIe473GTCHG/WEJ2vY6qjguRfYZQ2a0bgirlmutCx0ZzlMASzX7x3QsFSSMaa8KxUj0HJdrPsNSMcDoteKmiCSZjPKQ9Q2McUeVn86un8MQoIRwIaV6s4Vz9nshwpNQkCsxkhPVI/fZm4l9eL9WDmp+xOEk1jcli0SDlUAs4qwCGTFKi+cQQTCQzt0IywhITbYoqmBK+fgr/J+2y7VRsdF0tNS6WdeTBETgGp8AB56ABrkATtAABEjyAJ/Bs3VuP1ov1uhjNWcvMIfgB6+0T+06S1Q==</latexit>

|li
<latexit sha1_base64="Y76B+IIY7X3Ftu9uNRP5MfO8eJk=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cK9gObUDbbSbt0swm7G6HU/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ncLK6tr6RnGztLW9s7tX3j9o6iRTDBssEYlqh1Sj4BIbhhuB7VQhjUOBrXB4M/Vbj6g0T+S9GaUYxLQvecQZNVZ6ePKFr6jsC+yWK27VnYEsEy8nFchR75a//F7CshilYYJq3fHc1ARjqgxnAiclP9OYUjakfexYKmmMOhjPLp6QE6v0SJQoW9KQmfp7YkxjrUdxaDtjagZ60ZuK/3mdzERXwZjLNDMo2XxRlAliEjJ9n/S4QmbEyBLKFLe3EjagijJjQyrZELzFl5dJ86zqnVfdu4tK7TqPowhHcAyn4MEl1OAW6tAABhKe4RXeHO28OO/Ox7y14OQzh/AHzucPxjaQ+Q==</latexit>

|  Francesco Piazza

!�
<latexit sha1_base64="+nYLyaBzMyZlPGePtekV80n4Dkc=">AAAB9XicdVDLSgMxFM3UV62vqks3wSK4GjJtHdtd0Y3LCvYBnbFkMmkbmpkMSUYpQ//DjQtF3Pov7vwb04egogcCh3Pu4d6cIOFMaYQ+rNzK6tr6Rn6zsLW9s7tX3D9oK5FKQltEcCG7AVaUs5i2NNOcdhNJcRRw2gnGlzO/c0elYiK+0ZOE+hEexmzACNZGuvVERIe473GTCHG/WEJ2vY6qjguRfYZQ2a0bgirlmutCx0ZzlMASzX7x3QsFSSMaa8KxUj0HJdrPsNSMcDoteKmiCSZjPKQ9Q2McUeVn86un8MQoIRwIaV6s4Vz9nshwpNQkCsxkhPVI/fZm4l9eL9WDmp+xOEk1jcli0SDlUAs4qwCGTFKi+cQQTCQzt0IywhITbYoqmBK+fgr/J+2y7VRsdF0tNS6WdeTBETgGp8AB56ABrkATtAABEjyAJ/Bs3VuP1ov1uhjNWcvMIfgB6+0T+06S1Q==</latexit>

|1i
<latexit sha1_base64="9H3WAZgx5zOt2UN45FrAtZuB+3M=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6LHoxWMF+yFtKJvtpF26uwm7G6HE/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvTDjTxvO+ncLK6tr6RnGztLW9s7tX3j9o6jhVFBs05rFqh0QjZxIbhhmO7UQhESHHVji6mfqtR1SaxfLejBMMBBlIFjFKjJUenvyuInLAsVeueFVvBneZ+DmpQI56r/zV7cc0FSgN5UTrju8lJsiIMoxynJS6qcaE0BEZYMdSSQTqIJsdPHFPrNJ3o1jZksadqb8nMiK0HovQdgpihnrRm4r/eZ3URFdBxmSSGpR0vihKuWtid/q922cKqeFjSwhVzN7q0iFRhBqbUcmG4C++vEyaZ1X/vOrdXVRq13kcRTiCYzgFHy6hBrdQhwZQEPAMr/DmKOfFeXc+5q0FJ585hD9wPn8At16QWA==</latexit>

|2i
<latexit sha1_base64="f7gfOzHNsI368ylKyzDh5+SwVjI=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGC/ZA2lM120i7dbMLuRiixv8KLB0W8+nO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LejBP0IzqQPOSMGis9PFW7isqBwF6p7FbcGcgy8XJShhz1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns4Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfR70ucKmRFjSyhT3N5K2JAqyozNqGhD8BZfXibNasU7r7h3F+XadR5HAY7hBM7Ag0uowS3UoQEMIniGV3hzlPPivDsf89YVJ585gj9wPn8AuOmQWQ==</latexit>

!�
<latexit sha1_base64="+nYLyaBzMyZlPGePtekV80n4Dkc=">AAAB9XicdVDLSgMxFM3UV62vqks3wSK4GjJtHdtd0Y3LCvYBnbFkMmkbmpkMSUYpQ//DjQtF3Pov7vwb04egogcCh3Pu4d6cIOFMaYQ+rNzK6tr6Rn6zsLW9s7tX3D9oK5FKQltEcCG7AVaUs5i2NNOcdhNJcRRw2gnGlzO/c0elYiK+0ZOE+hEexmzACNZGuvVERIe473GTCHG/WEJ2vY6qjguRfYZQ2a0bgirlmutCx0ZzlMASzX7x3QsFSSMaa8KxUj0HJdrPsNSMcDoteKmiCSZjPKQ9Q2McUeVn86un8MQoIRwIaV6s4Vz9nshwpNQkCsxkhPVI/fZm4l9eL9WDmp+xOEk1jcli0SDlUAs4qwCGTFKi+cQQTCQzt0IywhITbYoqmBK+fgr/J+2y7VRsdF0tNS6WdeTBETgGp8AB56ABrkATtAABEjyAJ/Bs3VuP1ov1uhjNWcvMIfgB6+0T+06S1Q==</latexit>

|1i
<latexit sha1_base64="9H3WAZgx5zOt2UN45FrAtZuB+3M=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6LHoxWMF+yFtKJvtpF26uwm7G6HE/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvTDjTxvO+ncLK6tr6RnGztLW9s7tX3j9o6jhVFBs05rFqh0QjZxIbhhmO7UQhESHHVji6mfqtR1SaxfLejBMMBBlIFjFKjJUenvyuInLAsVeueFVvBneZ+DmpQI56r/zV7cc0FSgN5UTrju8lJsiIMoxynJS6qcaE0BEZYMdSSQTqIJsdPHFPrNJ3o1jZksadqb8nMiK0HovQdgpihnrRm4r/eZ3URFdBxmSSGpR0vihKuWtid/q922cKqeFjSwhVzN7q0iFRhBqbUcmG4C++vEyaZ1X/vOrdXVRq13kcRTiCYzgFHy6hBrdQhwZQEPAMr/DmKOfFeXc+5q0FJ585hD9wPn8At16QWA==</latexit>

|2i
<latexit sha1_base64="f7gfOzHNsI368ylKyzDh5+SwVjI=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGC/ZA2lM120i7dbMLuRiixv8KLB0W8+nO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LejBP0IzqQPOSMGis9PFW7isqBwF6p7FbcGcgy8XJShhz1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns4Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfR70ucKmRFjSyhT3N5K2JAqyozNqGhD8BZfXibNasU7r7h3F+XadR5HAY7hBM7Ag0uowS3UoQEMIniGV3hzlPPivDsf89YVJ585gj9wPn8AuOmQWQ==</latexit>U(r, r0)

<latexit sha1_base64="8sHnn2IYtu+Is0MNWJlV0y3oU0g=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBaxgoQkDW29Fb14rGBsoQ1ls920SzebsLsRSuiP8OJBEa/+Hm/+GzdtBRV9MPB4b4aZeUHCqFSW9WEUVlbX1jeKm6Wt7Z3dvfL+wZ2MU4GJh2MWi26AJGGUE09RxUg3EQRFASOdYHKV+517IiSN+a2aJsSP0IjTkGKktNTxquJcnJ4NyhXLvGjWHbcOLdOyGrZj58RpuDUX2lrJUQFLtAfl9/4wxmlEuMIMSdmzrUT5GRKKYkZmpX4qSYLwBI1IT1OOIiL9bH7uDJ5oZQjDWOjiCs7V7xMZiqScRoHujJAay99eLv7l9VIVNv2M8iRVhOPFojBlUMUw/x0OqSBYsakmCAuqb4V4jATCSidU0iF8fQr/J3eOaddM68attC6XcRTBETgGVWCDBmiBa9AGHsBgAh7AE3g2EuPReDFeF60FYzlzCH7AePsER9WO4Q==</latexit>

Atomic motion
Feedback between  

Internal and motional dynamics

|1,ki
<latexit sha1_base64="P6J6+7useChRczI6mBZjRJRWSI0=">AAAB/XicbVDLSsNAFL3xWesrPnZuBovgQkqigi6LblxWsA9oQplMJ+3QySTMTIQai7/ixoUibv0Pd/6NkzYLbT0wcDjnXu6ZEyScKe0439bC4tLyympprby+sbm1be/sNlWcSkIbJOaxbAdYUc4EbWimOW0nkuIo4LQVDK9zv3VPpWKxuNOjhPoR7gsWMoK1kbr2/qN74kVYD4IwG449iUWf065dcarOBGieuAWpQIF61/7yejFJIyo04Vipjusk2s+w1IxwOi57qaIJJkPcpx1DBY6o8rNJ+jE6MkoPhbE0T2g0UX9vZDhSahQFZjIPqma9XPzP66Q6vPQzJpJUU0Gmh8KUIx2jvArUY5ISzUeGYCKZyYrIAEtMtCmsbEpwZ788T5qnVfes6tyeV2pXRR0lOIBDOAYXLqAGN1CHBhB4gGd4hTfryXqx3q2P6eiCVezswR9Ynz+d65VU</latexit>

|2,k+ k�i
<latexit sha1_base64="adKdjt8IQC3KIG8/tdYmhzuiQhw=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0UQlJJUQZdFNy4r2Ac0IUwmk3boZBJmJkKJ2brxV9y4UMStf+DOv3HSZqGtBwYO59zD3Hv8hFGpLOvbqCwtr6yuVddrG5tb2zvm7l5XxqnApINjFou+jyRhlJOOooqRfiIIinxGev74uvB790RIGvM7NUmIG6EhpyHFSGnJM+FD89SJkBr5YTY+GXuZw3Q4QHnuCMSHjHhm3WpYU8BFYpekDkq0PfPLCWKcRoQrzJCUA9tKlJshoShmJK85qSQJwmM0JANNOYqIdLPpJTk80koAw1joxxWcqr8TGYqknES+niyWlvNeIf7nDVIVXroZ5UmqCMezj8KUQRXDohYYUEGwYhNNEBZU7wrxCAmElS6vpkuw509eJN1mwz5rWLfn9dZVWUcVHIBDcAxscAFa4Aa0QQdg8AiewSt4M56MF+Pd+JiNVowysw/+wPj8AeRCmnc=</latexit>

(!�,k�)
<latexit sha1_base64="Jb19Bj6ZMJ07MKFAKehRAjzawM0="></latexit>
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Implementing the nonlinearity

Needs an active element in the medium: 
Atomic degree of freedom which is nonlinearly coupled to the photon 

Atomic saturation Interatomic interactions
Multiple excitations avoided 

Due to nonlinear level spacing
Example: Rydberg interaction

|ki
<latexit sha1_base64="FGzWOBIszCMqwImLU2kD49tBCxM=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cK9kPaUDbbSbt0swm7G6HE/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+W9GSfoR3QgecgZNVZ6eBp1FZUDgb1yxa26M5Bl4uWkAjnqvfJXtx+zNEJpmKBadzw3MX5GleFM4KTUTTUmlI3oADuWShqh9rPZwRNyYpU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjlZ1wmqUHJ5ovCVBATk+n3pM8VMiPGllCmuL2VsCFVlBmbUcmG4C2+vEyaZ1XvvOreXVRq13kcRTiCYzgFDy6hBrdQhwYwiOAZXuHNUc6L8+58zFsLTj5zCH/gfP4AEOuQkg==</latexit>

|ji
<latexit sha1_base64="5HjoS5uzSu0LSVPAi5j/5D8j9hM=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KokKeix68VjBfkgbymY7adduNmF3I5TYX+HFgyJe/Tne/Ddu2xy09cHA470ZZuYFieDauO63s7S8srq2Xtgobm5t7+yW9vYbOk4VwzqLRaxaAdUouMS64UZgK1FIo0BgMxheT/zmIyrNY3lnRgn6Ee1LHnJGjZXunx46isq+wG6p7FbcKcgi8XJShhy1bumr04tZGqE0TFCt256bGD+jynAmcFzspBoTyoa0j21LJY1Q+9n04DE5tkqPhLGyJQ2Zqr8nMhppPYoC2xlRM9Dz3kT8z2unJrz0My6T1KBks0VhKoiJyeR70uMKmREjSyhT3N5K2IAqyozNqGhD8OZfXiSN04p3VnFvz8vVqzyOAhzCEZyABxdQhRuoQR0YRPAMr/DmKOfFeXc+Zq1LTj5zAH/gfP4AD2CQkQ==</latexit>

!�
<latexit sha1_base64="+nYLyaBzMyZlPGePtekV80n4Dkc=">AAAB9XicdVDLSgMxFM3UV62vqks3wSK4GjJtHdtd0Y3LCvYBnbFkMmkbmpkMSUYpQ//DjQtF3Pov7vwb04egogcCh3Pu4d6cIOFMaYQ+rNzK6tr6Rn6zsLW9s7tX3D9oK5FKQltEcCG7AVaUs5i2NNOcdhNJcRRw2gnGlzO/c0elYiK+0ZOE+hEexmzACNZGuvVERIe473GTCHG/WEJ2vY6qjguRfYZQ2a0bgirlmutCx0ZzlMASzX7x3QsFSSMaa8KxUj0HJdrPsNSMcDoteKmiCSZjPKQ9Q2McUeVn86un8MQoIRwIaV6s4Vz9nshwpNQkCsxkhPVI/fZm4l9eL9WDmp+xOEk1jcli0SDlUAs4qwCGTFKi+cQQTCQzt0IywhITbYoqmBK+fgr/J+2y7VRsdF0tNS6WdeTBETgGp8AB56ABrkATtAABEjyAJ/Bs3VuP1ov1uhjNWcvMIfgB6+0T+06S1Q==</latexit>

!�
<latexit sha1_base64="+nYLyaBzMyZlPGePtekV80n4Dkc=">AAAB9XicdVDLSgMxFM3UV62vqks3wSK4GjJtHdtd0Y3LCvYBnbFkMmkbmpkMSUYpQ//DjQtF3Pov7vwb04egogcCh3Pu4d6cIOFMaYQ+rNzK6tr6Rn6zsLW9s7tX3D9oK5FKQltEcCG7AVaUs5i2NNOcdhNJcRRw2gnGlzO/c0elYiK+0ZOE+hEexmzACNZGuvVERIe473GTCHG/WEJ2vY6qjguRfYZQ2a0bgirlmutCx0ZzlMASzX7x3QsFSSMaa8KxUj0HJdrPsNSMcDoteKmiCSZjPKQ9Q2McUeVn86un8MQoIRwIaV6s4Vz9nshwpNQkCsxkhPVI/fZm4l9eL9WDmp+xOEk1jcli0SDlUAs4qwCGTFKi+cQQTCQzt0IywhITbYoqmBK+fgr/J+2y7VRsdF0tNS6WdeTBETgGp8AB56ABrkATtAABEjyAJ/Bs3VuP1ov1uhjNWcvMIfgB6+0T+06S1Q==</latexit>

|li
<latexit sha1_base64="Y76B+IIY7X3Ftu9uNRP5MfO8eJk=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cK9gObUDbbSbt0swm7G6HU/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ncLK6tr6RnGztLW9s7tX3j9o6iRTDBssEYlqh1Sj4BIbhhuB7VQhjUOBrXB4M/Vbj6g0T+S9GaUYxLQvecQZNVZ6ePKFr6jsC+yWK27VnYEsEy8nFchR75a//F7CshilYYJq3fHc1ARjqgxnAiclP9OYUjakfexYKmmMOhjPLp6QE6v0SJQoW9KQmfp7YkxjrUdxaDtjagZ60ZuK/3mdzERXwZjLNDMo2XxRlAliEjJ9n/S4QmbEyBLKFLe3EjagijJjQyrZELzFl5dJ86zqnVfdu4tK7TqPowhHcAyn4MEl1OAW6tAABhKe4RXeHO28OO/Ox7y14OQzh/AHzucPxjaQ+Q==</latexit>

|  Francesco Piazza

!�
<latexit sha1_base64="+nYLyaBzMyZlPGePtekV80n4Dkc=">AAAB9XicdVDLSgMxFM3UV62vqks3wSK4GjJtHdtd0Y3LCvYBnbFkMmkbmpkMSUYpQ//DjQtF3Pov7vwb04egogcCh3Pu4d6cIOFMaYQ+rNzK6tr6Rn6zsLW9s7tX3D9oK5FKQltEcCG7AVaUs5i2NNOcdhNJcRRw2gnGlzO/c0elYiK+0ZOE+hEexmzACNZGuvVERIe473GTCHG/WEJ2vY6qjguRfYZQ2a0bgirlmutCx0ZzlMASzX7x3QsFSSMaa8KxUj0HJdrPsNSMcDoteKmiCSZjPKQ9Q2McUeVn86un8MQoIRwIaV6s4Vz9nshwpNQkCsxkhPVI/fZm4l9eL9WDmp+xOEk1jcli0SDlUAs4qwCGTFKi+cQQTCQzt0IywhITbYoqmBK+fgr/J+2y7VRsdF0tNS6WdeTBETgGp8AB56ABrkATtAABEjyAJ/Bs3VuP1ov1uhjNWcvMIfgB6+0T+06S1Q==</latexit>

|1i
<latexit sha1_base64="9H3WAZgx5zOt2UN45FrAtZuB+3M=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6LHoxWMF+yFtKJvtpF26uwm7G6HE/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvTDjTxvO+ncLK6tr6RnGztLW9s7tX3j9o6jhVFBs05rFqh0QjZxIbhhmO7UQhESHHVji6mfqtR1SaxfLejBMMBBlIFjFKjJUenvyuInLAsVeueFVvBneZ+DmpQI56r/zV7cc0FSgN5UTrju8lJsiIMoxynJS6qcaE0BEZYMdSSQTqIJsdPHFPrNJ3o1jZksadqb8nMiK0HovQdgpihnrRm4r/eZ3URFdBxmSSGpR0vihKuWtid/q922cKqeFjSwhVzN7q0iFRhBqbUcmG4C++vEyaZ1X/vOrdXVRq13kcRTiCYzgFHy6hBrdQhwZQEPAMr/DmKOfFeXc+5q0FJ585hD9wPn8At16QWA==</latexit>

|2i
<latexit sha1_base64="f7gfOzHNsI368ylKyzDh5+SwVjI=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGC/ZA2lM120i7dbMLuRiixv8KLB0W8+nO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LejBP0IzqQPOSMGis9PFW7isqBwF6p7FbcGcgy8XJShhz1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns4Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfR70ucKmRFjSyhT3N5K2JAqyozNqGhD8BZfXibNasU7r7h3F+XadR5HAY7hBM7Ag0uowS3UoQEMIniGV3hzlPPivDsf89YVJ585gj9wPn8AuOmQWQ==</latexit>

!�
<latexit sha1_base64="+nYLyaBzMyZlPGePtekV80n4Dkc=">AAAB9XicdVDLSgMxFM3UV62vqks3wSK4GjJtHdtd0Y3LCvYBnbFkMmkbmpkMSUYpQ//DjQtF3Pov7vwb04egogcCh3Pu4d6cIOFMaYQ+rNzK6tr6Rn6zsLW9s7tX3D9oK5FKQltEcCG7AVaUs5i2NNOcdhNJcRRw2gnGlzO/c0elYiK+0ZOE+hEexmzACNZGuvVERIe473GTCHG/WEJ2vY6qjguRfYZQ2a0bgirlmutCx0ZzlMASzX7x3QsFSSMaa8KxUj0HJdrPsNSMcDoteKmiCSZjPKQ9Q2McUeVn86un8MQoIRwIaV6s4Vz9nshwpNQkCsxkhPVI/fZm4l9eL9WDmp+xOEk1jcli0SDlUAs4qwCGTFKi+cQQTCQzt0IywhITbYoqmBK+fgr/J+2y7VRsdF0tNS6WdeTBETgGp8AB56ABrkATtAABEjyAJ/Bs3VuP1ov1uhjNWcvMIfgB6+0T+06S1Q==</latexit>

|1i
<latexit sha1_base64="9H3WAZgx5zOt2UN45FrAtZuB+3M=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6LHoxWMF+yFtKJvtpF26uwm7G6HE/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvTDjTxvO+ncLK6tr6RnGztLW9s7tX3j9o6jhVFBs05rFqh0QjZxIbhhmO7UQhESHHVji6mfqtR1SaxfLejBMMBBlIFjFKjJUenvyuInLAsVeueFVvBneZ+DmpQI56r/zV7cc0FSgN5UTrju8lJsiIMoxynJS6qcaE0BEZYMdSSQTqIJsdPHFPrNJ3o1jZksadqb8nMiK0HovQdgpihnrRm4r/eZ3URFdBxmSSGpR0vihKuWtid/q922cKqeFjSwhVzN7q0iFRhBqbUcmG4C++vEyaZ1X/vOrdXVRq13kcRTiCYzgFHy6hBrdQhwZQEPAMr/DmKOfFeXc+5q0FJ585hD9wPn8At16QWA==</latexit>

|2i
<latexit sha1_base64="f7gfOzHNsI368ylKyzDh5+SwVjI=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGC/ZA2lM120i7dbMLuRiixv8KLB0W8+nO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LejBP0IzqQPOSMGis9PFW7isqBwF6p7FbcGcgy8XJShhz1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns4Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfR70ucKmRFjSyhT3N5K2JAqyozNqGhD8BZfXibNasU7r7h3F+XadR5HAY7hBM7Ag0uowS3UoQEMIniGV3hzlPPivDsf89YVJ585gj9wPn8AuOmQWQ==</latexit>U(r, r0)

<latexit sha1_base64="8sHnn2IYtu+Is0MNWJlV0y3oU0g=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBaxgoQkDW29Fb14rGBsoQ1ls920SzebsLsRSuiP8OJBEa/+Hm/+GzdtBRV9MPB4b4aZeUHCqFSW9WEUVlbX1jeKm6Wt7Z3dvfL+wZ2MU4GJh2MWi26AJGGUE09RxUg3EQRFASOdYHKV+517IiSN+a2aJsSP0IjTkGKktNTxquJcnJ4NyhXLvGjWHbcOLdOyGrZj58RpuDUX2lrJUQFLtAfl9/4wxmlEuMIMSdmzrUT5GRKKYkZmpX4qSYLwBI1IT1OOIiL9bH7uDJ5oZQjDWOjiCs7V7xMZiqScRoHujJAay99eLv7l9VIVNv2M8iRVhOPFojBlUMUw/x0OqSBYsakmCAuqb4V4jATCSidU0iF8fQr/J3eOaddM68attC6XcRTBETgGVWCDBmiBa9AGHsBgAh7AE3g2EuPReDFeF60FYzlzCH7AePsER9WO4Q==</latexit>

Atomic motion
Feedback between  

internal and motional dynamics

|1,ki
<latexit sha1_base64="P6J6+7useChRczI6mBZjRJRWSI0=">AAAB/XicbVDLSsNAFL3xWesrPnZuBovgQkqigi6LblxWsA9oQplMJ+3QySTMTIQai7/ixoUibv0Pd/6NkzYLbT0wcDjnXu6ZEyScKe0439bC4tLyympprby+sbm1be/sNlWcSkIbJOaxbAdYUc4EbWimOW0nkuIo4LQVDK9zv3VPpWKxuNOjhPoR7gsWMoK1kbr2/qN74kVYD4IwG449iUWf065dcarOBGieuAWpQIF61/7yejFJIyo04Vipjusk2s+w1IxwOi57qaIJJkPcpx1DBY6o8rNJ+jE6MkoPhbE0T2g0UX9vZDhSahQFZjIPqma9XPzP66Q6vPQzJpJUU0Gmh8KUIx2jvArUY5ISzUeGYCKZyYrIAEtMtCmsbEpwZ788T5qnVfes6tyeV2pXRR0lOIBDOAYXLqAGN1CHBhB4gGd4hTfryXqx3q2P6eiCVezswR9Ynz+d65VU</latexit>

|2,k+ k�i
<latexit sha1_base64="adKdjt8IQC3KIG8/tdYmhzuiQhw=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0UQlJJUQZdFNy4r2Ac0IUwmk3boZBJmJkKJ2brxV9y4UMStf+DOv3HSZqGtBwYO59zD3Hv8hFGpLOvbqCwtr6yuVddrG5tb2zvm7l5XxqnApINjFou+jyRhlJOOooqRfiIIinxGev74uvB790RIGvM7NUmIG6EhpyHFSGnJM+FD89SJkBr5YTY+GXuZw3Q4QHnuCMSHjHhm3WpYU8BFYpekDkq0PfPLCWKcRoQrzJCUA9tKlJshoShmJK85qSQJwmM0JANNOYqIdLPpJTk80koAw1joxxWcqr8TGYqknES+niyWlvNeIf7nDVIVXroZ5UmqCMezj8KUQRXDohYYUEGwYhNNEBZU7wrxCAmElS6vpkuw509eJN1mwz5rWLfn9dZVWUcVHIBDcAxscAFa4Aa0QQdg8AiewSt4M56MF+Pd+JiNVowysw/+wPj8AeRCmnc=</latexit>

(!�,k�)
<latexit sha1_base64="Jb19Bj6ZMJ07MKFAKehRAjzawM0="></latexit>

Quantum degenerate matter 
(see part 3)
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Quantum nonlinear optics from atomic saturation

|  Francesco Piazza

Restricted  
Hilbert space

Multiple excitations avoided 
Due to nonlinear level spacing

!�
<latexit sha1_base64="+nYLyaBzMyZlPGePtekV80n4Dkc=">AAAB9XicdVDLSgMxFM3UV62vqks3wSK4GjJtHdtd0Y3LCvYBnbFkMmkbmpkMSUYpQ//DjQtF3Pov7vwb04egogcCh3Pu4d6cIOFMaYQ+rNzK6tr6Rn6zsLW9s7tX3D9oK5FKQltEcCG7AVaUs5i2NNOcdhNJcRRw2gnGlzO/c0elYiK+0ZOE+hEexmzACNZGuvVERIe473GTCHG/WEJ2vY6qjguRfYZQ2a0bgirlmutCx0ZzlMASzX7x3QsFSSMaa8KxUj0HJdrPsNSMcDoteKmiCSZjPKQ9Q2McUeVn86un8MQoIRwIaV6s4Vz9nshwpNQkCsxkhPVI/fZm4l9eL9WDmp+xOEk1jcli0SDlUAs4qwCGTFKi+cQQTCQzt0IywhITbYoqmBK+fgr/J+2y7VRsdF0tNS6WdeTBETgGp8AB56ABrkATtAABEjyAJ/Bs3VuP1ov1uhjNWcvMIfgB6+0T+06S1Q==</latexit>

!�
<latexit sha1_base64="+nYLyaBzMyZlPGePtekV80n4Dkc=">AAAB9XicdVDLSgMxFM3UV62vqks3wSK4GjJtHdtd0Y3LCvYBnbFkMmkbmpkMSUYpQ//DjQtF3Pov7vwb04egogcCh3Pu4d6cIOFMaYQ+rNzK6tr6Rn6zsLW9s7tX3D9oK5FKQltEcCG7AVaUs5i2NNOcdhNJcRRw2gnGlzO/c0elYiK+0ZOE+hEexmzACNZGuvVERIe473GTCHG/WEJ2vY6qjguRfYZQ2a0bgirlmutCx0ZzlMASzX7x3QsFSSMaa8KxUj0HJdrPsNSMcDoteKmiCSZjPKQ9Q2McUeVn86un8MQoIRwIaV6s4Vz9nshwpNQkCsxkhPVI/fZm4l9eL9WDmp+xOEk1jcli0SDlUAs4qwCGTFKi+cQQTCQzt0IywhITbYoqmBK+fgr/J+2y7VRsdF0tNS6WdeTBETgGp8AB56ABrkATtAABEjyAJ/Bs3VuP1ov1uhjNWcvMIfgB6+0T+06S1Q==</latexit>

|li
<latexit sha1_base64="Y76B+IIY7X3Ftu9uNRP5MfO8eJk=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cK9gObUDbbSbt0swm7G6HU/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ncLK6tr6RnGztLW9s7tX3j9o6iRTDBssEYlqh1Sj4BIbhhuB7VQhjUOBrXB4M/Vbj6g0T+S9GaUYxLQvecQZNVZ6ePKFr6jsC+yWK27VnYEsEy8nFchR75a//F7CshilYYJq3fHc1ARjqgxnAiclP9OYUjakfexYKmmMOhjPLp6QE6v0SJQoW9KQmfp7YkxjrUdxaDtjagZ60ZuK/3mdzERXwZjLNDMo2XxRlAliEjJ9n/S4QmbEyBLKFLe3EjagijJjQyrZELzFl5dJ86zqnVfdu4tK7TqPowhHcAyn4MEl1OAW6tAABhKe4RXeHO28OO/Ox7y14OQzh/AHzucPxjaQ+Q==</latexit>

!�
<latexit sha1_base64="+nYLyaBzMyZlPGePtekV80n4Dkc=">AAAB9XicdVDLSgMxFM3UV62vqks3wSK4GjJtHdtd0Y3LCvYBnbFkMmkbmpkMSUYpQ//DjQtF3Pov7vwb04egogcCh3Pu4d6cIOFMaYQ+rNzK6tr6Rn6zsLW9s7tX3D9oK5FKQltEcCG7AVaUs5i2NNOcdhNJcRRw2gnGlzO/c0elYiK+0ZOE+hEexmzACNZGuvVERIe473GTCHG/WEJ2vY6qjguRfYZQ2a0bgirlmutCx0ZzlMASzX7x3QsFSSMaa8KxUj0HJdrPsNSMcDoteKmiCSZjPKQ9Q2McUeVn86un8MQoIRwIaV6s4Vz9nshwpNQkCsxkhPVI/fZm4l9eL9WDmp+xOEk1jcli0SDlUAs4qwCGTFKi+cQQTCQzt0IywhITbYoqmBK+fgr/J+2y7VRsdF0tNS6WdeTBETgGp8AB56ABrkATtAABEjyAJ/Bs3VuP1ov1uhjNWcvMIfgB6+0T+06S1Q==</latexit>

|ei
<latexit sha1_base64="BOLuLWwvw6G1sdFqPgPq/ZWgH8Q=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6LHoxWMF+yFtKJvtpF26uwm7G6HE/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvTDjTxvO+ncLK6tr6RnGztLW9s7tX3j9o6jhVFBs05rFqh0QjZxIbhhmO7UQhESHHVji6mfqtR1SaxfLejBMMBBlIFjFKjJUenrCriBxw7JUrXtWbwV0mfk4qkKPeK391+zFNBUpDOdG643uJCTKiDKMcJ6VuqjEhdEQG2LFUEoE6yGYHT9wTq/TdKFa2pHFn6u+JjAitxyK0nYKYoV70puJ/Xic10VWQMZmkBiWdL4pS7prYnX7v9plCavjYEkIVs7e6dEgUocZmVLIh+IsvL5PmWdU/r3p3F5XadR5HEY7gGE7Bh0uowS3UoQEUBDzDK7w5ynlx3p2PeWvByWcO4Q+czx8HqZCM</latexit>

|gi
<latexit sha1_base64="qGE6lzOeZ20fIcLURvj23qt/L9E=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6LHoxWMF+yFtKJvtJF26uwm7G6HU/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvTDnTxvO+ncLK6tr6RnGztLW9s7tX3j9o6iRTFBs04Ylqh0QjZxIbhhmO7VQhESHHVji8mfqtR1SaJfLejFIMBIklixglxkoPT3FXERlz7JUrXtWbwV0mfk4qkKPeK391+wnNBEpDOdG643upCcZEGUY5TkrdTGNK6JDE2LFUEoE6GM8OnrgnVum7UaJsSePO1N8TYyK0HonQdgpiBnrRm4r/eZ3MRFfBmMk0MyjpfFGUcdck7vR7t88UUsNHlhCqmL3VpQOiCDU2o5INwV98eZk0z6r+edW7u6jUrvM4inAEx3AKPlxCDW6hDg2gIOAZXuHNUc6L8+58zFsLTj5zCH/gfP4ACr+Qjg==</latexit>

|ei
<latexit sha1_base64="BOLuLWwvw6G1sdFqPgPq/ZWgH8Q=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6LHoxWMF+yFtKJvtpF26uwm7G6HE/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvTDjTxvO+ncLK6tr6RnGztLW9s7tX3j9o6jhVFBs05rFqh0QjZxIbhhmO7UQhESHHVji6mfqtR1SaxfLejBMMBBlIFjFKjJUenrCriBxw7JUrXtWbwV0mfk4qkKPeK391+zFNBUpDOdG643uJCTKiDKMcJ6VuqjEhdEQG2LFUEoE6yGYHT9wTq/TdKFa2pHFn6u+JjAitxyK0nYKYoV70puJ/Xic10VWQMZmkBiWdL4pS7prYnX7v9plCavjYEkIVs7e6dEgUocZmVLIh+IsvL5PmWdU/r3p3F5XadR5HEY7gGE7Bh0uowS3UoQEUBDzDK7w5ynlx3p2PeWvByWcO4Q+czx8HqZCM</latexit>

|gi
<latexit sha1_base64="qGE6lzOeZ20fIcLURvj23qt/L9E=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6LHoxWMF+yFtKJvtJF26uwm7G6HU/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvTDnTxvO+ncLK6tr6RnGztLW9s7tX3j9o6iRTFBs04Ylqh0QjZxIbhhmO7VQhESHHVji8mfqtR1SaJfLejFIMBIklixglxkoPT3FXERlz7JUrXtWbwV0mfk4qkKPeK391+wnNBEpDOdG643upCcZEGUY5TkrdTGNK6JDE2LFUEoE6GM8OnrgnVum7UaJsSePO1N8TYyK0HonQdgpiBnrRm4r/eZ3MRFfBmMk0MyjpfFGUcdck7vR7t88UUsNHlhCqmL3VpQOiCDU2o5INwV98eZk0z6r+edW7u6jUrvM4inAEx3AKPlxCDW6hDg2gIOAZXuHNUc6L8+58zFsLTj5zCH/gfP4ACr+Qjg==</latexit>

Jaynes-Cummings  Hamiltonian

ĤJC =
X

�

!�â
†
�â� + !ge�z +

X

�

�
g�a��

+ + h.c.
�

<latexit sha1_base64="WIc1LKFgHDC14JUE2XtZMkpnRGw="></latexit>

ĉ†g ĉg + ĉ†eĉe = 1
<latexit sha1_base64="f7YjK87NAAQBk+EOUq+uxA2B5v0=">AAACGnicbZDLSsNAFIYn9VbrLerSTbAIglASFXQjFN24rGAv0MQwmZykQycXZiZCCX0ON76KGxeKuBM3vo3TNopt/WHgm/+cw8z5vZRRIU3zSystLC4tr5RXK2vrG5tb+vZOSyQZJ9AkCUt4x8MCGI2hKalk0Ek54Mhj0Pb6V6N6+x64oEl8KwcpOBEOYxpQgqWyXN2ye1jmZOiGd7aPw9/b0Q/BlA8XlqtXzZo5ljEPVgFVVKjh6h+2n5AsglgShoXoWmYqnRxzSQmDYcXOBKSY9HEIXYUxjkA4+Xi1oXGgHN8IEq5OLI2x+3cix5EQg8hTnRGWPTFbG5n/1bqZDM6dnMZpJiEmk4eCjBkyMUY5GT7lQCQbKMCEU/VXg/Qwx0SqNCsqBGt25XloHdesk5p5c1qtXxZxlNEe2keHyEJnqI6uUQM1EUEP6Am9oFftUXvW3rT3SWtJK2Z20ZS0z2+0FqHg</latexit>

Fermion annihilation/creation operators Spin operators

�+
<latexit sha1_base64="sAytKoWwMBmFl35qCmiWSF13noI=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBAEIeyqoMegF48RzAOSNcxOZpMh81hnZoWw5Ce8eFDEq7/jzb9xkuxBEwsaiqpuuruihDNjff/bW1peWV1bL2wUN7e2d3ZLe/sNo1JNaJ0ornQrwoZyJmndMstpK9EUi4jTZjS8mfjNJ6oNU/LejhIaCtyXLGYEWye1Oob1BX447ZbKfsWfAi2SICdlyFHrlr46PUVSQaUlHBvTDvzEhhnWlhFOx8VOamiCyRD3adtRiQU1YTa9d4yOndJDsdKupEVT9fdEhoUxIxG5ToHtwMx7E/E/r53a+CrMmExSSyWZLYpTjqxCk+dRj2lKLB85golm7lZEBlhjYl1ERRdCMP/yImmcVYLzin93Ua5e53EU4BCO4AQCuIQq3EIN6kCAwzO8wpv36L14797HrHXJy2cO4A+8zx+70o/C</latexit>

ĉg ĉ
†
e

<latexit sha1_base64="GnXhJtRtREN1VM2APH3fEdfcGKY=">AAACAHicbZDLSsNAFIYn9VbrLerChZtgEVyVRAVdFt24rGAv0MZwMpmkQyeTMDMRSsjGV3HjQhG3PoY738ZpG0Fbfxj4+M85nDm/nzIqlW1/GZWl5ZXVtep6bWNza3vH3N3ryCQTmLRxwhLR80ESRjlpK6oY6aWCQOwz0vVH15N694EISRN+p8YpcWOIOA0pBqUtzzwYDEHluPCiHyD3gwAiz6zbDXsqaxGcEuqoVMszPwdBgrOYcIUZSNl37FS5OQhFMSNFbZBJkgIeQUT6GjnERLr59IDCOtZOYIWJ0I8ra+r+nsghlnIc+7ozBjWU87WJ+V+tn6nw0s0pTzNFOJ4tCjNmqcSapGEFVBCs2FgDYEH1Xy08BAFY6cxqOgRn/uRF6Jw2nLOGfXteb16VcVTRITpCJ8hBF6iJblALtRFGBXpCL+jVeDSejTfjfdZaMcqZffRHxsc3aV2W6w==</latexit>

�z
<latexit sha1_base64="eIT1vibnVPK7jiiLpJ1fOYZWVfo=">AAAB73icbVBNSwMxEJ3Ur1q/qh69BIvgqeyqoMeiF48V7Ae0S8mm2TY0ya5JVqhL/4QXD4p49e9489+YtnvQ1gcDj/dmmJkXJoIb63nfqLCyura+UdwsbW3v7O6V9w+aJk41ZQ0ai1i3Q2KY4Io1LLeCtRPNiAwFa4Wjm6nfemTa8Fjd23HCAkkGikecEuukdtfwgSS9p1654lW9GfAy8XNSgRz1Xvmr249pKpmyVBBjOr6X2CAj2nIq2KTUTQ1LCB2RAes4qohkJshm907wiVP6OIq1K2XxTP09kRFpzFiGrlMSOzSL3lT8z+ukNroKMq6S1DJF54uiVGAb4+nzuM81o1aMHSFUc3crpkOiCbUuopILwV98eZk0z6r+edW7u6jUrvM4inAEx3AKPlxCDW6hDg2gIOAZXuENPaAX9I4+5q0FlM8cwh+gzx81IpAS</latexit>

(ĉ†eĉe � ĉ†g ĉg)/2
<latexit sha1_base64="7SxqMGoZexmVHUvfgcoDo0gMrJs=">AAACHHicbZBNS8MwGMfT+TbnW9Wjl+IQ5sHZboIeh148TnAvsNaSpmkXlqYlSYVR9kG8+FW8eFDEiwfBb2O2VXGbfwj88n+eh+T5ewklQprml1ZYWl5ZXSuulzY2t7Z39N29tohTjnALxTTmXQ8KTAnDLUkkxd2EYxh5FHe8wdW43rnHXJCY3cphgp0IhowEBEGpLFevV+w+lBkaufjO9mH4ezv5oXDGD49Pa65eNqvmRMYiWDmUQa6mq3/YfozSCDOJKBSiZ5mJdDLIJUEUj0p2KnAC0QCGuKeQwQgLJ5ssNzKOlOMbQczVYdKYuH8nMhgJMYw81RlB2RfztbH5X62XyuDCyQhLUokZmj4UpNSQsTFOyvAJx0jSoQKIOFF/NVAfcoikyrOkQrDmV16Edq1q1avmzVm5cZnHUQQH4BBUgAXOQQNcgyZoAQQewBN4Aa/ao/asvWnv09aCls/sgxlpn9+DyKI6</latexit>
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Due to nonlinear level spacing

!�
<latexit sha1_base64="+nYLyaBzMyZlPGePtekV80n4Dkc=">AAAB9XicdVDLSgMxFM3UV62vqks3wSK4GjJtHdtd0Y3LCvYBnbFkMmkbmpkMSUYpQ//DjQtF3Pov7vwb04egogcCh3Pu4d6cIOFMaYQ+rNzK6tr6Rn6zsLW9s7tX3D9oK5FKQltEcCG7AVaUs5i2NNOcdhNJcRRw2gnGlzO/c0elYiK+0ZOE+hEexmzACNZGuvVERIe473GTCHG/WEJ2vY6qjguRfYZQ2a0bgirlmutCx0ZzlMASzX7x3QsFSSMaa8KxUj0HJdrPsNSMcDoteKmiCSZjPKQ9Q2McUeVn86un8MQoIRwIaV6s4Vz9nshwpNQkCsxkhPVI/fZm4l9eL9WDmp+xOEk1jcli0SDlUAs4qwCGTFKi+cQQTCQzt0IywhITbYoqmBK+fgr/J+2y7VRsdF0tNS6WdeTBETgGp8AB56ABrkATtAABEjyAJ/Bs3VuP1ov1uhjNWcvMIfgB6+0T+06S1Q==</latexit>

!�
<latexit sha1_base64="+nYLyaBzMyZlPGePtekV80n4Dkc=">AAAB9XicdVDLSgMxFM3UV62vqks3wSK4GjJtHdtd0Y3LCvYBnbFkMmkbmpkMSUYpQ//DjQtF3Pov7vwb04egogcCh3Pu4d6cIOFMaYQ+rNzK6tr6Rn6zsLW9s7tX3D9oK5FKQltEcCG7AVaUs5i2NNOcdhNJcRRw2gnGlzO/c0elYiK+0ZOE+hEexmzACNZGuvVERIe473GTCHG/WEJ2vY6qjguRfYZQ2a0bgirlmutCx0ZzlMASzX7x3QsFSSMaa8KxUj0HJdrPsNSMcDoteKmiCSZjPKQ9Q2McUeVn86un8MQoIRwIaV6s4Vz9nshwpNQkCsxkhPVI/fZm4l9eL9WDmp+xOEk1jcli0SDlUAs4qwCGTFKi+cQQTCQzt0IywhITbYoqmBK+fgr/J+2y7VRsdF0tNS6WdeTBETgGp8AB56ABrkATtAABEjyAJ/Bs3VuP1ov1uhjNWcvMIfgB6+0T+06S1Q==</latexit>

|li
<latexit sha1_base64="Y76B+IIY7X3Ftu9uNRP5MfO8eJk=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cK9gObUDbbSbt0swm7G6HU/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ncLK6tr6RnGztLW9s7tX3j9o6iRTDBssEYlqh1Sj4BIbhhuB7VQhjUOBrXB4M/Vbj6g0T+S9GaUYxLQvecQZNVZ6ePKFr6jsC+yWK27VnYEsEy8nFchR75a//F7CshilYYJq3fHc1ARjqgxnAiclP9OYUjakfexYKmmMOhjPLp6QE6v0SJQoW9KQmfp7YkxjrUdxaDtjagZ60ZuK/3mdzERXwZjLNDMo2XxRlAliEjJ9n/S4QmbEyBLKFLe3EjagijJjQyrZELzFl5dJ86zqnVfdu4tK7TqPowhHcAyn4MEl1OAW6tAABhKe4RXeHO28OO/Ox7y14OQzh/AHzucPxjaQ+Q==</latexit>

!�
<latexit sha1_base64="+nYLyaBzMyZlPGePtekV80n4Dkc=">AAAB9XicdVDLSgMxFM3UV62vqks3wSK4GjJtHdtd0Y3LCvYBnbFkMmkbmpkMSUYpQ//DjQtF3Pov7vwb04egogcCh3Pu4d6cIOFMaYQ+rNzK6tr6Rn6zsLW9s7tX3D9oK5FKQltEcCG7AVaUs5i2NNOcdhNJcRRw2gnGlzO/c0elYiK+0ZOE+hEexmzACNZGuvVERIe473GTCHG/WEJ2vY6qjguRfYZQ2a0bgirlmutCx0ZzlMASzX7x3QsFSSMaa8KxUj0HJdrPsNSMcDoteKmiCSZjPKQ9Q2McUeVn86un8MQoIRwIaV6s4Vz9nshwpNQkCsxkhPVI/fZm4l9eL9WDmp+xOEk1jcli0SDlUAs4qwCGTFKi+cQQTCQzt0IywhITbYoqmBK+fgr/J+2y7VRsdF0tNS6WdeTBETgGp8AB56ABrkATtAABEjyAJ/Bs3VuP1ov1uhjNWcvMIfgB6+0T+06S1Q==</latexit>

|ei
<latexit sha1_base64="BOLuLWwvw6G1sdFqPgPq/ZWgH8Q=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6LHoxWMF+yFtKJvtpF26uwm7G6HE/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvTDjTxvO+ncLK6tr6RnGztLW9s7tX3j9o6jhVFBs05rFqh0QjZxIbhhmO7UQhESHHVji6mfqtR1SaxfLejBMMBBlIFjFKjJUenrCriBxw7JUrXtWbwV0mfk4qkKPeK391+zFNBUpDOdG643uJCTKiDKMcJ6VuqjEhdEQG2LFUEoE6yGYHT9wTq/TdKFa2pHFn6u+JjAitxyK0nYKYoV70puJ/Xic10VWQMZmkBiWdL4pS7prYnX7v9plCavjYEkIVs7e6dEgUocZmVLIh+IsvL5PmWdU/r3p3F5XadR5HEY7gGE7Bh0uowS3UoQEUBDzDK7w5ynlx3p2PeWvByWcO4Q+czx8HqZCM</latexit>

|gi
<latexit sha1_base64="qGE6lzOeZ20fIcLURvj23qt/L9E=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6LHoxWMF+yFtKJvtJF26uwm7G6HU/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvTDnTxvO+ncLK6tr6RnGztLW9s7tX3j9o6iRTFBs04Ylqh0QjZxIbhhmO7VQhESHHVji8mfqtR1SaJfLejFIMBIklixglxkoPT3FXERlz7JUrXtWbwV0mfk4qkKPeK391+wnNBEpDOdG643upCcZEGUY5TkrdTGNK6JDE2LFUEoE6GM8OnrgnVum7UaJsSePO1N8TYyK0HonQdgpiBnrRm4r/eZ3MRFfBmMk0MyjpfFGUcdck7vR7t88UUsNHlhCqmL3VpQOiCDU2o5INwV98eZk0z6r+edW7u6jUrvM4inAEx3AKPlxCDW6hDg2gIOAZXuHNUc6L8+58zFsLTj5zCH/gfP4ACr+Qjg==</latexit>

|ei
<latexit sha1_base64="BOLuLWwvw6G1sdFqPgPq/ZWgH8Q=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6LHoxWMF+yFtKJvtpF26uwm7G6HE/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvTDjTxvO+ncLK6tr6RnGztLW9s7tX3j9o6jhVFBs05rFqh0QjZxIbhhmO7UQhESHHVji6mfqtR1SaxfLejBMMBBlIFjFKjJUenrCriBxw7JUrXtWbwV0mfk4qkKPeK391+zFNBUpDOdG643uJCTKiDKMcJ6VuqjEhdEQG2LFUEoE6yGYHT9wTq/TdKFa2pHFn6u+JjAitxyK0nYKYoV70puJ/Xic10VWQMZmkBiWdL4pS7prYnX7v9plCavjYEkIVs7e6dEgUocZmVLIh+IsvL5PmWdU/r3p3F5XadR5HEY7gGE7Bh0uowS3UoQEUBDzDK7w5ynlx3p2PeWvByWcO4Q+czx8HqZCM</latexit>

|gi
<latexit sha1_base64="qGE6lzOeZ20fIcLURvj23qt/L9E=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6LHoxWMF+yFtKJvtJF26uwm7G6HU/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvTDnTxvO+ncLK6tr6RnGztLW9s7tX3j9o6iRTFBs04Ylqh0QjZxIbhhmO7VQhESHHVji8mfqtR1SaJfLejFIMBIklixglxkoPT3FXERlz7JUrXtWbwV0mfk4qkKPeK391+wnNBEpDOdG643upCcZEGUY5TkrdTGNK6JDE2LFUEoE6GM8OnrgnVum7UaJsSePO1N8TYyK0HonQdgpiBnrRm4r/eZ3MRFfBmMk0MyjpfFGUcdck7vR7t88UUsNHlhCqmL3VpQOiCDU2o5INwV98eZk0z6r+edW7u6jUrvM4inAEx3AKPlxCDW6hDg2gIOAZXuHNUc6L8+58zFsLTj5zCH/gfP4ACr+Qjg==</latexit>

Jaynes-Cummings  Hamiltonian

ĤJC =
X

�

!�â
†
�â� + !ge�z +

X

�

�
g�a��

+ + h.c.
�

<latexit sha1_base64="WIc1LKFgHDC14JUE2XtZMkpnRGw="></latexit>

ĉ†g ĉg + ĉ†eĉe = 1
<latexit sha1_base64="f7YjK87NAAQBk+EOUq+uxA2B5v0=">AAACGnicbZDLSsNAFIYn9VbrLerSTbAIglASFXQjFN24rGAv0MQwmZykQycXZiZCCX0ON76KGxeKuBM3vo3TNopt/WHgm/+cw8z5vZRRIU3zSystLC4tr5RXK2vrG5tb+vZOSyQZJ9AkCUt4x8MCGI2hKalk0Ek54Mhj0Pb6V6N6+x64oEl8KwcpOBEOYxpQgqWyXN2ye1jmZOiGd7aPw9/b0Q/BlA8XlqtXzZo5ljEPVgFVVKjh6h+2n5AsglgShoXoWmYqnRxzSQmDYcXOBKSY9HEIXYUxjkA4+Xi1oXGgHN8IEq5OLI2x+3cix5EQg8hTnRGWPTFbG5n/1bqZDM6dnMZpJiEmk4eCjBkyMUY5GT7lQCQbKMCEU/VXg/Qwx0SqNCsqBGt25XloHdesk5p5c1qtXxZxlNEe2keHyEJnqI6uUQM1EUEP6Am9oFftUXvW3rT3SWtJK2Z20ZS0z2+0FqHg</latexit>

Creates nonlinearity 
Like an interaction

Example: Photon Blockade
Two photons cannot be 

absorbed/emitted  
at the same time.

Experiment measuring coincidences (atom in cavity)

[Birnbaum,et al., Nature 436, 87]
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!�
<latexit sha1_base64="+nYLyaBzMyZlPGePtekV80n4Dkc=">AAAB9XicdVDLSgMxFM3UV62vqks3wSK4GjJtHdtd0Y3LCvYBnbFkMmkbmpkMSUYpQ//DjQtF3Pov7vwb04egogcCh3Pu4d6cIOFMaYQ+rNzK6tr6Rn6zsLW9s7tX3D9oK5FKQltEcCG7AVaUs5i2NNOcdhNJcRRw2gnGlzO/c0elYiK+0ZOE+hEexmzACNZGuvVERIe473GTCHG/WEJ2vY6qjguRfYZQ2a0bgirlmutCx0ZzlMASzX7x3QsFSSMaa8KxUj0HJdrPsNSMcDoteKmiCSZjPKQ9Q2McUeVn86un8MQoIRwIaV6s4Vz9nshwpNQkCsxkhPVI/fZm4l9eL9WDmp+xOEk1jcli0SDlUAs4qwCGTFKi+cQQTCQzt0IywhITbYoqmBK+fgr/J+2y7VRsdF0tNS6WdeTBETgGp8AB56ABrkATtAABEjyAJ/Bs3VuP1ov1uhjNWcvMIfgB6+0T+06S1Q==</latexit>

!�
<latexit sha1_base64="+nYLyaBzMyZlPGePtekV80n4Dkc=">AAAB9XicdVDLSgMxFM3UV62vqks3wSK4GjJtHdtd0Y3LCvYBnbFkMmkbmpkMSUYpQ//DjQtF3Pov7vwb04egogcCh3Pu4d6cIOFMaYQ+rNzK6tr6Rn6zsLW9s7tX3D9oK5FKQltEcCG7AVaUs5i2NNOcdhNJcRRw2gnGlzO/c0elYiK+0ZOE+hEexmzACNZGuvVERIe473GTCHG/WEJ2vY6qjguRfYZQ2a0bgirlmutCx0ZzlMASzX7x3QsFSSMaa8KxUj0HJdrPsNSMcDoteKmiCSZjPKQ9Q2McUeVn86un8MQoIRwIaV6s4Vz9nshwpNQkCsxkhPVI/fZm4l9eL9WDmp+xOEk1jcli0SDlUAs4qwCGTFKi+cQQTCQzt0IywhITbYoqmBK+fgr/J+2y7VRsdF0tNS6WdeTBETgGp8AB56ABrkATtAABEjyAJ/Bs3VuP1ov1uhjNWcvMIfgB6+0T+06S1Q==</latexit>

|li
<latexit sha1_base64="Y76B+IIY7X3Ftu9uNRP5MfO8eJk=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cK9gObUDbbSbt0swm7G6HU/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ncLK6tr6RnGztLW9s7tX3j9o6iRTDBssEYlqh1Sj4BIbhhuB7VQhjUOBrXB4M/Vbj6g0T+S9GaUYxLQvecQZNVZ6ePKFr6jsC+yWK27VnYEsEy8nFchR75a//F7CshilYYJq3fHc1ARjqgxnAiclP9OYUjakfexYKmmMOhjPLp6QE6v0SJQoW9KQmfp7YkxjrUdxaDtjagZ60ZuK/3mdzERXwZjLNDMo2XxRlAliEjJ9n/S4QmbEyBLKFLe3EjagijJjQyrZELzFl5dJ86zqnVfdu4tK7TqPowhHcAyn4MEl1OAW6tAABhKe4RXeHO28OO/Ox7y14OQzh/AHzucPxjaQ+Q==</latexit>

!�
<latexit sha1_base64="+nYLyaBzMyZlPGePtekV80n4Dkc=">AAAB9XicdVDLSgMxFM3UV62vqks3wSK4GjJtHdtd0Y3LCvYBnbFkMmkbmpkMSUYpQ//DjQtF3Pov7vwb04egogcCh3Pu4d6cIOFMaYQ+rNzK6tr6Rn6zsLW9s7tX3D9oK5FKQltEcCG7AVaUs5i2NNOcdhNJcRRw2gnGlzO/c0elYiK+0ZOE+hEexmzACNZGuvVERIe473GTCHG/WEJ2vY6qjguRfYZQ2a0bgirlmutCx0ZzlMASzX7x3QsFSSMaa8KxUj0HJdrPsNSMcDoteKmiCSZjPKQ9Q2McUeVn86un8MQoIRwIaV6s4Vz9nshwpNQkCsxkhPVI/fZm4l9eL9WDmp+xOEk1jcli0SDlUAs4qwCGTFKi+cQQTCQzt0IywhITbYoqmBK+fgr/J+2y7VRsdF0tNS6WdeTBETgGp8AB56ABrkATtAABEjyAJ/Bs3VuP1ov1uhjNWcvMIfgB6+0T+06S1Q==</latexit>

|ei
<latexit sha1_base64="BOLuLWwvw6G1sdFqPgPq/ZWgH8Q=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6LHoxWMF+yFtKJvtpF26uwm7G6HE/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvTDjTxvO+ncLK6tr6RnGztLW9s7tX3j9o6jhVFBs05rFqh0QjZxIbhhmO7UQhESHHVji6mfqtR1SaxfLejBMMBBlIFjFKjJUenrCriBxw7JUrXtWbwV0mfk4qkKPeK391+zFNBUpDOdG643uJCTKiDKMcJ6VuqjEhdEQG2LFUEoE6yGYHT9wTq/TdKFa2pHFn6u+JjAitxyK0nYKYoV70puJ/Xic10VWQMZmkBiWdL4pS7prYnX7v9plCavjYEkIVs7e6dEgUocZmVLIh+IsvL5PmWdU/r3p3F5XadR5HEY7gGE7Bh0uowS3UoQEUBDzDK7w5ynlx3p2PeWvByWcO4Q+czx8HqZCM</latexit>

|gi
<latexit sha1_base64="qGE6lzOeZ20fIcLURvj23qt/L9E=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6LHoxWMF+yFtKJvtJF26uwm7G6HU/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvTDnTxvO+ncLK6tr6RnGztLW9s7tX3j9o6iRTFBs04Ylqh0QjZxIbhhmO7VQhESHHVji8mfqtR1SaJfLejFIMBIklixglxkoPT3FXERlz7JUrXtWbwV0mfk4qkKPeK391+wnNBEpDOdG643upCcZEGUY5TkrdTGNK6JDE2LFUEoE6GM8OnrgnVum7UaJsSePO1N8TYyK0HonQdgpiBnrRm4r/eZ3MRFfBmMk0MyjpfFGUcdck7vR7t88UUsNHlhCqmL3VpQOiCDU2o5INwV98eZk0z6r+edW7u6jUrvM4inAEx3AKPlxCDW6hDg2gIOAZXuHNUc6L8+58zFsLTj5zCH/gfP4ACr+Qjg==</latexit>

|ei
<latexit sha1_base64="BOLuLWwvw6G1sdFqPgPq/ZWgH8Q=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6LHoxWMF+yFtKJvtpF26uwm7G6HE/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvTDjTxvO+ncLK6tr6RnGztLW9s7tX3j9o6jhVFBs05rFqh0QjZxIbhhmO7UQhESHHVji6mfqtR1SaxfLejBMMBBlIFjFKjJUenrCriBxw7JUrXtWbwV0mfk4qkKPeK391+zFNBUpDOdG643uJCTKiDKMcJ6VuqjEhdEQG2LFUEoE6yGYHT9wTq/TdKFa2pHFn6u+JjAitxyK0nYKYoV70puJ/Xic10VWQMZmkBiWdL4pS7prYnX7v9plCavjYEkIVs7e6dEgUocZmVLIh+IsvL5PmWdU/r3p3F5XadR5HEY7gGE7Bh0uowS3UoQEUBDzDK7w5ynlx3p2PeWvByWcO4Q+czx8HqZCM</latexit>

|gi
<latexit sha1_base64="qGE6lzOeZ20fIcLURvj23qt/L9E=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6LHoxWMF+yFtKJvtJF26uwm7G6HU/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvTDnTxvO+ncLK6tr6RnGztLW9s7tX3j9o6iRTFBs04Ylqh0QjZxIbhhmO7VQhESHHVji8mfqtR1SaJfLejFIMBIklixglxkoPT3FXERlz7JUrXtWbwV0mfk4qkKPeK391+wnNBEpDOdG643upCcZEGUY5TkrdTGNK6JDE2LFUEoE6GM8OnrgnVum7UaJsSePO1N8TYyK0HonQdgpiBnrRm4r/eZ3MRFfBmMk0MyjpfFGUcdck7vR7t88UUsNHlhCqmL3VpQOiCDU2o5INwV98eZk0z6r+edW7u6jUrvM4inAEx3AKPlxCDW6hDg2gIOAZXuHNUc6L8+58zFsLTj5zCH/gfP4ACr+Qjg==</latexit>

Jaynes-Cummings  Hamiltonian

ĤJC =
X

�

!�â
†
�â� + !ge�z +

X

�

�
g�a��

+ + h.c.
�

<latexit sha1_base64="WIc1LKFgHDC14JUE2XtZMkpnRGw="></latexit>

ĉ†g ĉg + ĉ†eĉe = 1
<latexit sha1_base64="f7YjK87NAAQBk+EOUq+uxA2B5v0=">AAACGnicbZDLSsNAFIYn9VbrLerSTbAIglASFXQjFN24rGAv0MQwmZykQycXZiZCCX0ON76KGxeKuBM3vo3TNopt/WHgm/+cw8z5vZRRIU3zSystLC4tr5RXK2vrG5tb+vZOSyQZJ9AkCUt4x8MCGI2hKalk0Ek54Mhj0Pb6V6N6+x64oEl8KwcpOBEOYxpQgqWyXN2ye1jmZOiGd7aPw9/b0Q/BlA8XlqtXzZo5ljEPVgFVVKjh6h+2n5AsglgShoXoWmYqnRxzSQmDYcXOBKSY9HEIXYUxjkA4+Xi1oXGgHN8IEq5OLI2x+3cix5EQg8hTnRGWPTFbG5n/1bqZDM6dnMZpJiEmk4eCjBkyMUY5GT7lQCQbKMCEU/VXg/Qwx0SqNCsqBGt25XloHdesk5p5c1qtXxZxlNEe2keHyEJnqI6uUQM1EUEP6Am9oFftUXvW3rT3SWtJK2Z20ZS0z2+0FqHg</latexit>

Example: Photon Blockade
Two photons cannot be 

absorbed/emitted  
at the same time.

Experiment measuring coincidences (Rydberg ensemble)

[Peyronel, et al., Nature 488, 57]

Creates nonlinearity 
Like an interaction
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Additional tool: Electromagnetically-Induced Transparency (EIT)

EIT window 
Large coherent interactions without absorption

Three-level atom

Fleischhauer, Lukin (2002)

Single particle effect (linear optics): 

destructive interference between excitation pathways

Susceptibility

!�
<latexit sha1_base64="+nYLyaBzMyZlPGePtekV80n4Dkc=">AAAB9XicdVDLSgMxFM3UV62vqks3wSK4GjJtHdtd0Y3LCvYBnbFkMmkbmpkMSUYpQ//DjQtF3Pov7vwb04egogcCh3Pu4d6cIOFMaYQ+rNzK6tr6Rn6zsLW9s7tX3D9oK5FKQltEcCG7AVaUs5i2NNOcdhNJcRRw2gnGlzO/c0elYiK+0ZOE+hEexmzACNZGuvVERIe473GTCHG/WEJ2vY6qjguRfYZQ2a0bgirlmutCx0ZzlMASzX7x3QsFSSMaa8KxUj0HJdrPsNSMcDoteKmiCSZjPKQ9Q2McUeVn86un8MQoIRwIaV6s4Vz9nshwpNQkCsxkhPVI/fZm4l9eL9WDmp+xOEk1jcli0SDlUAs4qwCGTFKi+cQQTCQzt0IywhITbYoqmBK+fgr/J+2y7VRsdF0tNS6WdeTBETgGp8AB56ABrkATtAABEjyAJ/Bs3VuP1ov1uhjNWcvMIfgB6+0T+06S1Q==</latexit>

|ei
<latexit sha1_base64="BOLuLWwvw6G1sdFqPgPq/ZWgH8Q=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6LHoxWMF+yFtKJvtpF26uwm7G6HE/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvTDjTxvO+ncLK6tr6RnGztLW9s7tX3j9o6jhVFBs05rFqh0QjZxIbhhmO7UQhESHHVji6mfqtR1SaxfLejBMMBBlIFjFKjJUenrCriBxw7JUrXtWbwV0mfk4qkKPeK391+zFNBUpDOdG643uJCTKiDKMcJ6VuqjEhdEQG2LFUEoE6yGYHT9wTq/TdKFa2pHFn6u+JjAitxyK0nYKYoV70puJ/Xic10VWQMZmkBiWdL4pS7prYnX7v9plCavjYEkIVs7e6dEgUocZmVLIh+IsvL5PmWdU/r3p3F5XadR5HEY7gGE7Bh0uowS3UoQEUBDzDK7w5ynlx3p2PeWvByWcO4Q+czx8HqZCM</latexit>

|gi
<latexit sha1_base64="qGE6lzOeZ20fIcLURvj23qt/L9E=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6LHoxWMF+yFtKJvtJF26uwm7G6HU/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvTDnTxvO+ncLK6tr6RnGztLW9s7tX3j9o6iRTFBs04Ylqh0QjZxIbhhmO7VQhESHHVji8mfqtR1SaJfLejFIMBIklixglxkoPT3FXERlz7JUrXtWbwV0mfk4qkKPeK391+wnNBEpDOdG643upCcZEGUY5TkrdTGNK6JDE2LFUEoE6GM8OnrgnVum7UaJsSePO1N8TYyK0HonQdgpiBnrRm4r/eZ3MRFfBmMk0MyjpfFGUcdck7vR7t88UUsNHlhCqmL3VpQOiCDU2o5INwV98eZk0z6r+edW7u6jUrvM4inAEx3AKPlxCDW6hDg2gIOAZXuHNUc6L8+58zFsLTj5zCH/gfP4ACr+Qjg==</latexit>

!�
<latexit sha1_base64="+nYLyaBzMyZlPGePtekV80n4Dkc=">AAAB9XicdVDLSgMxFM3UV62vqks3wSK4GjJtHdtd0Y3LCvYBnbFkMmkbmpkMSUYpQ//DjQtF3Pov7vwb04egogcCh3Pu4d6cIOFMaYQ+rNzK6tr6Rn6zsLW9s7tX3D9oK5FKQltEcCG7AVaUs5i2NNOcdhNJcRRw2gnGlzO/c0elYiK+0ZOE+hEexmzACNZGuvVERIe473GTCHG/WEJ2vY6qjguRfYZQ2a0bgirlmutCx0ZzlMASzX7x3QsFSSMaa8KxUj0HJdrPsNSMcDoteKmiCSZjPKQ9Q2McUeVn86un8MQoIRwIaV6s4Vz9nshwpNQkCsxkhPVI/fZm4l9eL9WDmp+xOEk1jcli0SDlUAs4qwCGTFKi+cQQTCQzt0IywhITbYoqmBK+fgr/J+2y7VRsdF0tNS6WdeTBETgGp8AB56ABrkATtAABEjyAJ/Bs3VuP1ov1uhjNWcvMIfgB6+0T+06S1Q==</latexit>

|ei
<latexit sha1_base64="BOLuLWwvw6G1sdFqPgPq/ZWgH8Q=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6LHoxWMF+yFtKJvtpF26uwm7G6HE/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvTDjTxvO+ncLK6tr6RnGztLW9s7tX3j9o6jhVFBs05rFqh0QjZxIbhhmO7UQhESHHVji6mfqtR1SaxfLejBMMBBlIFjFKjJUenrCriBxw7JUrXtWbwV0mfk4qkKPeK391+zFNBUpDOdG643uJCTKiDKMcJ6VuqjEhdEQG2LFUEoE6yGYHT9wTq/TdKFa2pHFn6u+JjAitxyK0nYKYoV70puJ/Xic10VWQMZmkBiWdL4pS7prYnX7v9plCavjYEkIVs7e6dEgUocZmVLIh+IsvL5PmWdU/r3p3F5XadR5HEY7gGE7Bh0uowS3UoQEUBDzDK7w5ynlx3p2PeWvByWcO4Q+czx8HqZCM</latexit>

|gi
<latexit sha1_base64="qGE6lzOeZ20fIcLURvj23qt/L9E=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6LHoxWMF+yFtKJvtJF26uwm7G6HU/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvTDnTxvO+ncLK6tr6RnGztLW9s7tX3j9o6iRTFBs04Ylqh0QjZxIbhhmO7VQhESHHVji8mfqtR1SaJfLejFIMBIklixglxkoPT3FXERlz7JUrXtWbwV0mfk4qkKPeK391+wnNBEpDOdG643upCcZEGUY5TkrdTGNK6JDE2LFUEoE6GM8OnrgnVum7UaJsSePO1N8TYyK0HonQdgpiBnrRm4r/eZ3MRFfBmMk0MyjpfFGUcdck7vR7t88UUsNHlhCqmL3VpQOiCDU2o5INwV98eZk0z6r+edW7u6jUrvM4inAEx3AKPlxCDW6hDg2gIOAZXuHNUc6L8+58zFsLTj5zCH/gfP4ACr+Qjg==</latexit>

|si
<latexit sha1_base64="bWY9CRVPTSmalLapUC76rNHHlpc=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6LHoxWMF+yFtKJvtpF26uwm7G6HE/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvTDjTxvO+ncLK6tr6RnGztLW9s7tX3j9o6jhVFBs05rFqh0QjZxIbhhmO7UQhESHHVji6mfqtR1SaxfLejBMMBBlIFjFKjJUennRXETng2CtXvKo3g7tM/JxUIEe9V/7q9mOaCpSGcqJ1x/cSE2REGUY5TkrdVGNC6IgMsGOpJAJ1kM0OnrgnVum7UaxsSePO1N8TGRFaj0VoOwUxQ73oTcX/vE5qoqsgYzJJDUo6XxSl3DWxO/3e7TOF1PCxJYQqZm916ZAoQo3NqGRD8BdfXibNs6p/XvXuLiq16zyOIhzBMZyCD5dQg1uoQwMoCHiGV3hzlPPivDsf89aCk88cwh84nz8dQ5Ca</latexit>

⌦L
<latexit sha1_base64="FIdKTsAzThw0mVQvc+Im3J6CAH4=">AAAB73icbVBNS8NAEJ34WetX1aOXYBE8lUQFPRa9eBCsYD+gDWWznbRLdzdxdyOU0D/hxYMiXv073vw3btsctPXBwOO9GWbmhQln2njet7O0vLK6tl7YKG5ube/slvb2GzpOFcU6jXmsWiHRyJnEumGGYytRSETIsRkOryd+8wmVZrF8MKMEA0H6kkWMEmOlVudOYJ90b7ulslfxpnAXiZ+TMuSodUtfnV5MU4HSUE60bvteYoKMKMMox3Gxk2pMCB2SPrYtlUSgDrLpvWP32Co9N4qVLWncqfp7IiNC65EIbacgZqDnvYn4n9dOTXQZZEwmqUFJZ4uilLsmdifPuz2mkBo+soRQxeytLh0QRaixERVtCP78y4ukcVrxzyre/Xm5epXHUYBDOIIT8OECqnADNagDBQ7P8ApvzqPz4rw7H7PWJSefOYA/cD5/ALHdj7w=</latexit>

Two-level atom Susceptibility

Re�
<latexit sha1_base64="BqScnWBotxJFZTsWfZIEEGcQwq4=">AAAB+HicdVDLSgMxFM3UV62Pjrp0EyyCq5JUse2u6MZlFfuAzlAyadqGJjNDkhHq0C9x40IRt36KO//GTFtBRQ8EDufcyz05QSy4Ngh9OLmV1bX1jfxmYWt7Z7fo7u23dZQoylo0EpHqBkQzwUPWMtwI1o0VIzIQrBNMLjO/c8eU5lF4a6Yx8yUZhXzIKTFW6rtFTxIzVjK9YTOPjnnfLaEyQghjDDOCq+fIknq9VsE1iDPLogSWaPbdd28Q0USy0FBBtO5hFBs/JcpwKtis4CWaxYROyIj1LA2JZNpP58Fn8NgqAziMlH2hgXP1+0ZKpNZTGdjJLKb+7WXiX14vMcOan/IwTgwL6eLQMBHQRDBrAQ64YtSIqSWEKm6zQjomilBjuyrYEr5+Cv8n7UoZn5bR9VmpcbGsIw8OwRE4ARhUQQNcgSZoAQoS8ACewLNz7zw6L87rYjTnLHcOwA84b591K5Od</latexit>

Im�
<latexit sha1_base64="i9dIwg+dPhv9mYnnhGJwpVLbxCs=">AAAB+HicdVDLSsNAFJ3UV62PRl26GSyCq5C0oa27ohvdVbAPaEKZTCft0JkkzEyEGvolblwo4tZPceffOGkrqOiBgcM593LPnCBhVCrb/jAKa+sbm1vF7dLO7t5+2Tw47Mo4FZh0cMxi0Q+QJIxGpKOoYqSfCIJ4wEgvmF7mfu+OCEnj6FbNEuJzNI5oSDFSWhqaZY8jNRE8u+ZzD0/o0KzY1nmzXnXr0LZsu+FUnZxUG27NhY5WclTACu2h+e6NYpxyEinMkJQDx06UnyGhKGZkXvJSSRKEp2hMBppGiBPpZ4vgc3iqlREMY6FfpOBC/b6RIS7ljAd6Mo8pf3u5+Jc3SFXY9DMaJakiEV4eClMGVQzzFuCICoIVm2mCsKA6K8QTJBBWuquSLuHrp/B/0q1aTs2yb9xK62JVRxEcgxNwBhzQAC1wBdqgAzBIwQN4As/GvfFovBivy9GCsdo5Aj9gvH0ChrKTqA==</latexit>

!� � !12
<latexit sha1_base64="KY99Vv5QcaKBqfQLX2a4/Kk5yCs=">AAACA3icbVBLSwMxGMz6rPW16k0vwSJ4sexWQY9FLx4r2Ad0lyWbTdvQPJYkK5Sl4MW/4sWDIl79E978N6btHrR1IDCZ+YbkmzhlVBvP+3aWlldW19ZLG+XNre2dXXdvv6VlpjBpYsmk6sRIE0YFaRpqGOmkiiAeM9KOhzcTv/1AlKZS3JtRSkKO+oL2KEbGSpF7GEhO+igKmM0k6Ky45n5tHLkVr+pNAReJX5AKKNCI3K8gkTjjRBjMkNZd30tNmCNlKGZkXA4yTVKEh6hPupYKxIkO8+kOY3hilQT2pLJHGDhVfydyxLUe8dhOcmQGet6biP953cz0rsKcijQzRODZQ72MQSPhpBCYUEWwYSNLEFbU/hXiAVIIG1tb2Zbgz6+8SFq1qn9e9e4uKvXroo4SOALH4BT44BLUwS1ogCbA4BE8g1fw5jw5L8678zEbXXKKzAH4A+fzB5/nl34=</latexit>

Im�
<latexit sha1_base64="NU+yS9rBKm37W5sNcTPKHAa17A4=">AAAB+HicbVDLSgMxFL3js9ZHR126CRbBVZlRQZdFN7qrYB/QGUomzbShSWZIMkId+iVuXCji1k9x59+YabvQ1gOBwzn3ck9OlHKmjed9Oyura+sbm6Wt8vbO7l7F3T9o6SRThDZJwhPVibCmnEnaNMxw2kkVxSLitB2Nbgq//UiVZol8MOOUhgIPJIsZwcZKPbcSCGyGSuR3YhKQIeu5Va/mTYGWiT8nVZij0XO/gn5CMkGlIRxr3fW91IQ5VoYRTiflINM0xWSEB7RrqcSC6jCfBp+gE6v0UZwo+6RBU/X3Ro6F1mMR2ckipl70CvE/r5uZ+CrMmUwzQyWZHYozjkyCihZQnylKDB9bgoliNisiQ6wwMbarsi3BX/zyMmmd1fzzmnd/Ua1fz+sowREcwyn4cAl1uIUGNIFABs/wCm/Ok/PivDsfs9EVZ75zCH/gfP4AJqOTZg==</latexit>

Re�
<latexit sha1_base64="cYs82VncnHcHKKpPnYN1g5cZNeM=">AAAB+HicbVDLSgMxFM34rPXRUZdugkVwVWZU0GXRjcsq9gGdoWTS2zY0yQxJRqhDv8SNC0Xc+inu/Bsz7Sy09UDgcM693JMTJZxp43nfzsrq2vrGZmmrvL2zu1dx9w9aOk4VhSaNeaw6EdHAmYSmYYZDJ1FARMShHY1vcr/9CEqzWD6YSQKhIEPJBowSY6WeWwkEMSMlsnuYBnTEem7Vq3kz4GXiF6SKCjR67lfQj2kqQBrKidZd30tMmBFlGOUwLQephoTQMRlC11JJBOgwmwWf4hOr9PEgVvZJg2fq742MCK0nIrKTeUy96OXif143NYOrMGMySQ1IOj80SDk2Mc5bwH2mgBo+sYRQxWxWTEdEEWpsV2Vbgr/45WXSOqv55zXv7qJavy7qKKEjdIxOkY8uUR3dogZqIopS9Ixe0Zvz5Lw4787HfHTFKXYO0R84nz8oNZNn</latexit>

!� � !12
<latexit sha1_base64="KY99Vv5QcaKBqfQLX2a4/Kk5yCs=">AAACA3icbVBLSwMxGMz6rPW16k0vwSJ4sexWQY9FLx4r2Ad0lyWbTdvQPJYkK5Sl4MW/4sWDIl79E978N6btHrR1IDCZ+YbkmzhlVBvP+3aWlldW19ZLG+XNre2dXXdvv6VlpjBpYsmk6sRIE0YFaRpqGOmkiiAeM9KOhzcTv/1AlKZS3JtRSkKO+oL2KEbGSpF7GEhO+igKmM0k6Ky45n5tHLkVr+pNAReJX5AKKNCI3K8gkTjjRBjMkNZd30tNmCNlKGZkXA4yTVKEh6hPupYKxIkO8+kOY3hilQT2pLJHGDhVfydyxLUe8dhOcmQGet6biP953cz0rsKcijQzRODZQ72MQSPhpBCYUEWwYSNLEFbU/hXiAVIIG1tb2Zbgz6+8SFq1qn9e9e4uKvXroo4SOALH4BT44BLUwS1ogCbA4BE8g1fw5jw5L8678zEbXXKKzAH4A+fzB5/nl34=</latexit>

Strong interactions imply also large absorption



Technological application of quantum nonlinear optics

Rydberg Ensembles

Exp.: Gorniaczyc, et al., Phys. Rev. Lett. 113, 053601 (2014)

Example: All optical single-photon transistors

Waveguides

Exp.: Chen ,et al., Science 341, 768 (2013)

Cavities

Exp.: Sayrin ,et al., PRX 5, 041036 (2015)
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3. Quantum nonlinear optics with quantum degenerate matter 



 47

Implementing the nonlinearity

Needs an active element in the medium: 
Atomic degree of freedom which is nonlinearly coupled to the photon 

Atomic saturation Interatomic interactions
Multiple excitations avoided 

Due to nonlinear level spacing
Example: Rydberg interaction

|ki
<latexit sha1_base64="FGzWOBIszCMqwImLU2kD49tBCxM=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cK9kPaUDbbSbt0swm7G6HE/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+W9GSfoR3QgecgZNVZ6eBp1FZUDgb1yxa26M5Bl4uWkAjnqvfJXtx+zNEJpmKBadzw3MX5GleFM4KTUTTUmlI3oADuWShqh9rPZwRNyYpU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjlZ1wmqUHJ5ovCVBATk+n3pM8VMiPGllCmuL2VsCFVlBmbUcmG4C2+vEyaZ1XvvOreXVRq13kcRTiCYzgFDy6hBrdQhwYwiOAZXuHNUc6L8+58zFsLTj5zCH/gfP4AEOuQkg==</latexit>

|ji
<latexit sha1_base64="5HjoS5uzSu0LSVPAi5j/5D8j9hM=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KokKeix68VjBfkgbymY7adduNmF3I5TYX+HFgyJe/Tne/Ddu2xy09cHA470ZZuYFieDauO63s7S8srq2Xtgobm5t7+yW9vYbOk4VwzqLRaxaAdUouMS64UZgK1FIo0BgMxheT/zmIyrNY3lnRgn6Ee1LHnJGjZXunx46isq+wG6p7FbcKcgi8XJShhy1bumr04tZGqE0TFCt256bGD+jynAmcFzspBoTyoa0j21LJY1Q+9n04DE5tkqPhLGyJQ2Zqr8nMhppPYoC2xlRM9Dz3kT8z2unJrz0My6T1KBks0VhKoiJyeR70uMKmREjSyhT3N5K2IAqyozNqGhD8OZfXiSN04p3VnFvz8vVqzyOAhzCEZyABxdQhRuoQR0YRPAMr/DmKOfFeXc+Zq1LTj5zAH/gfP4AD2CQkQ==</latexit>

!�
<latexit sha1_base64="+nYLyaBzMyZlPGePtekV80n4Dkc=">AAAB9XicdVDLSgMxFM3UV62vqks3wSK4GjJtHdtd0Y3LCvYBnbFkMmkbmpkMSUYpQ//DjQtF3Pov7vwb04egogcCh3Pu4d6cIOFMaYQ+rNzK6tr6Rn6zsLW9s7tX3D9oK5FKQltEcCG7AVaUs5i2NNOcdhNJcRRw2gnGlzO/c0elYiK+0ZOE+hEexmzACNZGuvVERIe473GTCHG/WEJ2vY6qjguRfYZQ2a0bgirlmutCx0ZzlMASzX7x3QsFSSMaa8KxUj0HJdrPsNSMcDoteKmiCSZjPKQ9Q2McUeVn86un8MQoIRwIaV6s4Vz9nshwpNQkCsxkhPVI/fZm4l9eL9WDmp+xOEk1jcli0SDlUAs4qwCGTFKi+cQQTCQzt0IywhITbYoqmBK+fgr/J+2y7VRsdF0tNS6WdeTBETgGp8AB56ABrkATtAABEjyAJ/Bs3VuP1ov1uhjNWcvMIfgB6+0T+06S1Q==</latexit>

!�
<latexit sha1_base64="+nYLyaBzMyZlPGePtekV80n4Dkc=">AAAB9XicdVDLSgMxFM3UV62vqks3wSK4GjJtHdtd0Y3LCvYBnbFkMmkbmpkMSUYpQ//DjQtF3Pov7vwb04egogcCh3Pu4d6cIOFMaYQ+rNzK6tr6Rn6zsLW9s7tX3D9oK5FKQltEcCG7AVaUs5i2NNOcdhNJcRRw2gnGlzO/c0elYiK+0ZOE+hEexmzACNZGuvVERIe473GTCHG/WEJ2vY6qjguRfYZQ2a0bgirlmutCx0ZzlMASzX7x3QsFSSMaa8KxUj0HJdrPsNSMcDoteKmiCSZjPKQ9Q2McUeVn86un8MQoIRwIaV6s4Vz9nshwpNQkCsxkhPVI/fZm4l9eL9WDmp+xOEk1jcli0SDlUAs4qwCGTFKi+cQQTCQzt0IywhITbYoqmBK+fgr/J+2y7VRsdF0tNS6WdeTBETgGp8AB56ABrkATtAABEjyAJ/Bs3VuP1ov1uhjNWcvMIfgB6+0T+06S1Q==</latexit>

|li
<latexit sha1_base64="Y76B+IIY7X3Ftu9uNRP5MfO8eJk=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cK9gObUDbbSbt0swm7G6HU/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ncLK6tr6RnGztLW9s7tX3j9o6iRTDBssEYlqh1Sj4BIbhhuB7VQhjUOBrXB4M/Vbj6g0T+S9GaUYxLQvecQZNVZ6ePKFr6jsC+yWK27VnYEsEy8nFchR75a//F7CshilYYJq3fHc1ARjqgxnAiclP9OYUjakfexYKmmMOhjPLp6QE6v0SJQoW9KQmfp7YkxjrUdxaDtjagZ60ZuK/3mdzERXwZjLNDMo2XxRlAliEjJ9n/S4QmbEyBLKFLe3EjagijJjQyrZELzFl5dJ86zqnVfdu4tK7TqPowhHcAyn4MEl1OAW6tAABhKe4RXeHO28OO/Ox7y14OQzh/AHzucPxjaQ+Q==</latexit>

|  Francesco Piazza

!�
<latexit sha1_base64="+nYLyaBzMyZlPGePtekV80n4Dkc=">AAAB9XicdVDLSgMxFM3UV62vqks3wSK4GjJtHdtd0Y3LCvYBnbFkMmkbmpkMSUYpQ//DjQtF3Pov7vwb04egogcCh3Pu4d6cIOFMaYQ+rNzK6tr6Rn6zsLW9s7tX3D9oK5FKQltEcCG7AVaUs5i2NNOcdhNJcRRw2gnGlzO/c0elYiK+0ZOE+hEexmzACNZGuvVERIe473GTCHG/WEJ2vY6qjguRfYZQ2a0bgirlmutCx0ZzlMASzX7x3QsFSSMaa8KxUj0HJdrPsNSMcDoteKmiCSZjPKQ9Q2McUeVn86un8MQoIRwIaV6s4Vz9nshwpNQkCsxkhPVI/fZm4l9eL9WDmp+xOEk1jcli0SDlUAs4qwCGTFKi+cQQTCQzt0IywhITbYoqmBK+fgr/J+2y7VRsdF0tNS6WdeTBETgGp8AB56ABrkATtAABEjyAJ/Bs3VuP1ov1uhjNWcvMIfgB6+0T+06S1Q==</latexit>

|1i
<latexit sha1_base64="9H3WAZgx5zOt2UN45FrAtZuB+3M=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6LHoxWMF+yFtKJvtpF26uwm7G6HE/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvTDjTxvO+ncLK6tr6RnGztLW9s7tX3j9o6jhVFBs05rFqh0QjZxIbhhmO7UQhESHHVji6mfqtR1SaxfLejBMMBBlIFjFKjJUenvyuInLAsVeueFVvBneZ+DmpQI56r/zV7cc0FSgN5UTrju8lJsiIMoxynJS6qcaE0BEZYMdSSQTqIJsdPHFPrNJ3o1jZksadqb8nMiK0HovQdgpihnrRm4r/eZ3URFdBxmSSGpR0vihKuWtid/q922cKqeFjSwhVzN7q0iFRhBqbUcmG4C++vEyaZ1X/vOrdXVRq13kcRTiCYzgFHy6hBrdQhwZQEPAMr/DmKOfFeXc+5q0FJ585hD9wPn8At16QWA==</latexit>

|2i
<latexit sha1_base64="f7gfOzHNsI368ylKyzDh5+SwVjI=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGC/ZA2lM120i7dbMLuRiixv8KLB0W8+nO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LejBP0IzqQPOSMGis9PFW7isqBwF6p7FbcGcgy8XJShhz1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns4Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfR70ucKmRFjSyhT3N5K2JAqyozNqGhD8BZfXibNasU7r7h3F+XadR5HAY7hBM7Ag0uowS3UoQEMIniGV3hzlPPivDsf89YVJ585gj9wPn8AuOmQWQ==</latexit>

!�
<latexit sha1_base64="+nYLyaBzMyZlPGePtekV80n4Dkc=">AAAB9XicdVDLSgMxFM3UV62vqks3wSK4GjJtHdtd0Y3LCvYBnbFkMmkbmpkMSUYpQ//DjQtF3Pov7vwb04egogcCh3Pu4d6cIOFMaYQ+rNzK6tr6Rn6zsLW9s7tX3D9oK5FKQltEcCG7AVaUs5i2NNOcdhNJcRRw2gnGlzO/c0elYiK+0ZOE+hEexmzACNZGuvVERIe473GTCHG/WEJ2vY6qjguRfYZQ2a0bgirlmutCx0ZzlMASzX7x3QsFSSMaa8KxUj0HJdrPsNSMcDoteKmiCSZjPKQ9Q2McUeVn86un8MQoIRwIaV6s4Vz9nshwpNQkCsxkhPVI/fZm4l9eL9WDmp+xOEk1jcli0SDlUAs4qwCGTFKi+cQQTCQzt0IywhITbYoqmBK+fgr/J+2y7VRsdF0tNS6WdeTBETgGp8AB56ABrkATtAABEjyAJ/Bs3VuP1ov1uhjNWcvMIfgB6+0T+06S1Q==</latexit>

|1i
<latexit sha1_base64="9H3WAZgx5zOt2UN45FrAtZuB+3M=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6LHoxWMF+yFtKJvtpF26uwm7G6HE/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvTDjTxvO+ncLK6tr6RnGztLW9s7tX3j9o6jhVFBs05rFqh0QjZxIbhhmO7UQhESHHVji6mfqtR1SaxfLejBMMBBlIFjFKjJUenvyuInLAsVeueFVvBneZ+DmpQI56r/zV7cc0FSgN5UTrju8lJsiIMoxynJS6qcaE0BEZYMdSSQTqIJsdPHFPrNJ3o1jZksadqb8nMiK0HovQdgpihnrRm4r/eZ3URFdBxmSSGpR0vihKuWtid/q922cKqeFjSwhVzN7q0iFRhBqbUcmG4C++vEyaZ1X/vOrdXVRq13kcRTiCYzgFHy6hBrdQhwZQEPAMr/DmKOfFeXc+5q0FJ585hD9wPn8At16QWA==</latexit>

|2i
<latexit sha1_base64="f7gfOzHNsI368ylKyzDh5+SwVjI=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGC/ZA2lM120i7dbMLuRiixv8KLB0W8+nO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LejBP0IzqQPOSMGis9PFW7isqBwF6p7FbcGcgy8XJShhz1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns4Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfR70ucKmRFjSyhT3N5K2JAqyozNqGhD8BZfXibNasU7r7h3F+XadR5HAY7hBM7Ag0uowS3UoQEMIniGV3hzlPPivDsf89YVJ585gj9wPn8AuOmQWQ==</latexit>U(r, r0)

<latexit sha1_base64="8sHnn2IYtu+Is0MNWJlV0y3oU0g=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBaxgoQkDW29Fb14rGBsoQ1ls920SzebsLsRSuiP8OJBEa/+Hm/+GzdtBRV9MPB4b4aZeUHCqFSW9WEUVlbX1jeKm6Wt7Z3dvfL+wZ2MU4GJh2MWi26AJGGUE09RxUg3EQRFASOdYHKV+517IiSN+a2aJsSP0IjTkGKktNTxquJcnJ4NyhXLvGjWHbcOLdOyGrZj58RpuDUX2lrJUQFLtAfl9/4wxmlEuMIMSdmzrUT5GRKKYkZmpX4qSYLwBI1IT1OOIiL9bH7uDJ5oZQjDWOjiCs7V7xMZiqScRoHujJAay99eLv7l9VIVNv2M8iRVhOPFojBlUMUw/x0OqSBYsakmCAuqb4V4jATCSidU0iF8fQr/J3eOaddM68attC6XcRTBETgGVWCDBmiBa9AGHsBgAh7AE3g2EuPReDFeF60FYzlzCH7AePsER9WO4Q==</latexit>

Atomic motion
Feedback between  

internal and motional dynamics

|1,ki
<latexit sha1_base64="P6J6+7useChRczI6mBZjRJRWSI0=">AAAB/XicbVDLSsNAFL3xWesrPnZuBovgQkqigi6LblxWsA9oQplMJ+3QySTMTIQai7/ixoUibv0Pd/6NkzYLbT0wcDjnXu6ZEyScKe0439bC4tLyympprby+sbm1be/sNlWcSkIbJOaxbAdYUc4EbWimOW0nkuIo4LQVDK9zv3VPpWKxuNOjhPoR7gsWMoK1kbr2/qN74kVYD4IwG449iUWf065dcarOBGieuAWpQIF61/7yejFJIyo04Vipjusk2s+w1IxwOi57qaIJJkPcpx1DBY6o8rNJ+jE6MkoPhbE0T2g0UX9vZDhSahQFZjIPqma9XPzP66Q6vPQzJpJUU0Gmh8KUIx2jvArUY5ISzUeGYCKZyYrIAEtMtCmsbEpwZ788T5qnVfes6tyeV2pXRR0lOIBDOAYXLqAGN1CHBhB4gGd4hTfryXqx3q2P6eiCVezswR9Ynz+d65VU</latexit>

|2,k+ k�i
<latexit sha1_base64="adKdjt8IQC3KIG8/tdYmhzuiQhw=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0UQlJJUQZdFNy4r2Ac0IUwmk3boZBJmJkKJ2brxV9y4UMStf+DOv3HSZqGtBwYO59zD3Hv8hFGpLOvbqCwtr6yuVddrG5tb2zvm7l5XxqnApINjFou+jyRhlJOOooqRfiIIinxGev74uvB790RIGvM7NUmIG6EhpyHFSGnJM+FD89SJkBr5YTY+GXuZw3Q4QHnuCMSHjHhm3WpYU8BFYpekDkq0PfPLCWKcRoQrzJCUA9tKlJshoShmJK85qSQJwmM0JANNOYqIdLPpJTk80koAw1joxxWcqr8TGYqknES+niyWlvNeIf7nDVIVXroZ5UmqCMezj8KUQRXDohYYUEGwYhNNEBZU7wrxCAmElS6vpkuw509eJN1mwz5rWLfn9dZVWUcVHIBDcAxscAFa4Aa0QQdg8AiewSt4M56MF+Pd+JiNVowysw/+wPj8AeRCmnc=</latexit>

(!�,k�)
<latexit sha1_base64="Jb19Bj6ZMJ07MKFAKehRAjzawM0="></latexit>

Quantum degenerate matter
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!Q
<latexit sha1_base64="WMBzH+hBANMRaD7FZGNoCcZ6Ng0=">AAAB73icdVDLSgMxFM3UV62vqks3wSK4GjJtHdtd0Y3LFuwD2qFk0kwbmknGJCOU0p9w40IRt/6OO//G9CGo6IELh3Pu5d57woQzbRD6cDJr6xubW9nt3M7u3v5B/vCopWWqCG0SyaXqhFhTzgRtGmY47SSK4jjktB2Or+d++54qzaS4NZOEBjEeChYxgo2VOj0Z0yHuN/r5AnKrVVT2fIjcC4SKftUSVCpWfB96LlqgAFao9/PvvYEkaUyFIRxr3fVQYoIpVoYRTme5XqppgskYD2nXUoFjqoPp4t4ZPLPKAEZS2RIGLtTvE1Mcaz2JQ9sZYzPSv725+JfXTU1UCaZMJKmhgiwXRSmHRsL583DAFCWGTyzBRDF7KyQjrDAxNqKcDeHrU/g/aRVdr+SiRrlQu1rFkQUn4BScAw9cghq4AXXQBARw8ACewLNz5zw6L87rsjXjrGaOwQ84b59YyZAt</latexit>

|g,ki
<latexit sha1_base64="ClFSQYpT6wfmQaX1wdrusTyWZk8=">AAAB/XicbVDLSsNAFL3xWesrPnZuBovgQkqigi6LblxWsA9oQplMJ+3QySTMTIQai7/ixoUibv0Pd/6NkzYLbT0wcDjnXu6ZEyScKe0439bC4tLyympprby+sbm1be/sNlWcSkIbJOaxbAdYUc4EbWimOW0nkuIo4LQVDK9zv3VPpWKxuNOjhPoR7gsWMoK1kbr2/mP/xIuwHgRhNhx7Eos+p1274lSdCdA8cQtSgQL1rv3l9WKSRlRowrFSHddJtJ9hqRnhdFz2UkUTTIa4TzuGChxR5WeT9GN0ZJQeCmNpntBoov7eyHCk1CgKzGQeVM16ufif10l1eOlnTCSppoJMD4UpRzpGeRWoxyQlmo8MwUQykxWRAZaYaFNY2ZTgzn55njRPq+5Z1bk9r9SuijpKcACHcAwuXEANbqAODSDwAM/wCm/Wk/VivVsf09EFq9jZgz+wPn8A84+Vig==</latexit>

|e,k+Qi
<latexit sha1_base64="occwIarOawJvzvBQ3tJQGlECQ4Y=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARBKUkKuiy6MZlC/YBTSiT6U07dDIJMxOhpF34K25cKOLW33Dn3zhpu9DqgYHDOfdyz5wg4Uxpx/myCkvLK6trxfXSxubW9o69u9dUcSopNGjMY9kOiALOBDQ00xzaiQQSBRxawfA291sPIBWLxb0eJeBHpC9YyCjRRuraB2M48yKiB0GYDU/rE08S0efQtctOxZkC/yXunJTRHLWu/en1YppGIDTlRKmO6yTaz4jUjHKYlLxUQULokPShY6ggESg/m+af4GOj9HAYS/OExlP150ZGIqVGUWAm86hq0cvF/7xOqsNrP2MiSTUIOjsUphzrGOdl4B6TQDUfGUKoZCYrpgMiCdWmspIpwV388l/SPK+4FxWnflmu3szrKKJDdIROkIuuUBXdoRpqIIrG6Am9oFfr0Xq23qz32WjBmu/so1+wPr4BBFKWGA==</latexit>

k+Q
<latexit sha1_base64="YsZuJuX5AOQVIBJVqi8DE+7xA5s=">AAAB83icbVDLSsNAFL2pr1pfVZduBosgCCVRQZdFNy5bsA9oQplMJ+3QySTMQyihv+HGhSJu/Rl3/o2TNgttPTBwOOde7pkTppwp7brfTmltfWNzq7xd2dnd2z+oHh51VGIkoW2S8ET2QqwoZ4K2NdOc9lJJcRxy2g0n97nffaJSsUQ86mlKgxiPBIsYwdpKvh9jPQ6jbHLRmg2qNbfuzoFWiVeQGhRoDqpf/jAhJqZCE46V6ntuqoMMS80Ip7OKbxRNMZngEe1bKnBMVZDNM8/QmVWGKEqkfUKjufp7I8OxUtM4tJN5RrXs5eJ/Xt/o6DbImEiNpoIsDkWGI52gvAA0ZJISzaeWYCKZzYrIGEtMtK2pYkvwlr+8SjqXde+q7raua427oo4ynMApnIMHN9CAB2hCGwik8Ayv8OYY58V5dz4WoyWn2DmGP3A+fwD4HpGh</latexit>

Q
<latexit sha1_base64="0tLV1odc/Fw8CXoMPYvsQmnveRI=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyooMuiG5ct2Ae2pWTSO21oJjMkGaEM/Qs3LhRx69+482/MtLPQ1gOBwzn3knOPHwuujet+O4W19Y3NreJ2aWd3b/+gfHjU0lGiGDZZJCLV8alGwSU2DTcCO7FCGvoC2/7kLvPbT6g0j+SDmcbYD+lI8oAzaqz02AupGftB2pgNyhW36s5BVomXkwrkqA/KX71hxJIQpWGCat313Nj0U6oMZwJnpV6iMaZsQkfYtVTSEHU/nSeekTOrDEkQKfukIXP190ZKQ62noW8ns4R62cvE/7xuYoKbfsplnBiUbPFRkAhiIpKdT4ZcITNiagllitushI2poszYkkq2BG/55FXSuqh6l1W3cVWp3eZ1FOEETuEcPLiGGtxDHZrAQMIzvMKbo50X5935WIwWnHznGP7A+fwBwqCQ9w==</latexit>

k
<latexit sha1_base64="XbkblB4UggPQISt2vICNbqVt8I0=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KooMeiF48VbC22oWy2L+3SzSbsboQS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSATXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6zhVDFssFrHqBFSj4BJbhhuBnUQhjQKBD8H4JvcfnlBpHst7M0nQj+hQ8pAzaqz02IuoGQVhNp72qzW37s5AlolXkBoUaParX71BzNIIpWGCat313MT4GVWGM4HTSi/VmFA2pkPsWipphNrPZomn5MQqAxLGyj5pyEz9vZHRSOtJFNjJPKFe9HLxP6+bmvDKz7hMUoOSzT8KU0FMTPLzyYArZEZMLKFMcZuVsBFVlBlbUsWW4C2evEzaZ3XvvO7eXdQa10UdZTiCYzgFDy6hAbfQhBYwkPAMr/DmaOfFeXc+5qMlp9g5hD9wPn8A6iKREQ==</latexit>

|gi
<latexit sha1_base64="9z7En+k1dZiPNdOxm/rA3pdfkdI=">AAAB8HicdVDLSsNAFJ34rPVVdelmsAiuQtKGtu6KblxWsA9pQ5lMJ+nQmUmYmQgl9ivcuFDErZ/jzr9x0lZQ0QMXDufcy733BAmjSjvOh7Wyura+sVnYKm7v7O7tlw4OOypOJSZtHLNY9gKkCKOCtDXVjPQSSRAPGOkGk8vc794RqWgsbvQ0IT5HkaAhxUgb6fY+GkgkIkaGpbJjnzdqFa8GHdtx6m7FzUml7lU96BolRxks0RqW3gejGKecCI0ZUqrvOon2MyQ1xYzMioNUkQThCYpI31CBOFF+Nj94Bk+NMoJhLE0JDefq94kMcaWmPDCdHOmx+u3l4l9eP9Vhw8+oSFJNBF4sClMGdQzz7+GISoI1mxqCsKTmVojHSCKsTUZFE8LXp/B/0qnYbtV2rr1y82IZRwEcgxNwBlxQB01wBVqgDTDg4AE8gWdLWo/Wi/W6aF2xljNH4Aest09qzpDQ</latexit>

|ei
<latexit sha1_base64="ew2mFzkvFeWJ+dhAb+Gxm5K80/0=">AAAB8HicdVBNSwMxEM36WetX1aOXYBE8Lbttaeut6MVjBfshbSnZdNqGJtklyQpl7a/w4kERr/4cb/4bs20FFX0w8Hhvhpl5QcSZNp734aysrq1vbGa2sts7u3v7uYPDpg5jRaFBQx6qdkA0cCahYZjh0I4UEBFwaAWTy9Rv3YHSLJQ3ZhpBT5CRZENGibHS7T10FZEjDv1c3nPPq+VCqYw91/MqfsFPSaFSKpawb5UUebREvZ977w5CGguQhnKidcf3ItNLiDKMcphlu7GGiNAJGUHHUkkE6F4yP3iGT60ywMNQ2ZIGz9XvEwkRWk9FYDsFMWP920vFv7xObIbVXsJkFBuQdLFoGHNsQpx+jwdMATV8agmhitlbMR0TRaixGWVtCF+f4v9Js+D6Rde7LuVrF8s4MugYnaAz5KMKqqErVEcNRJFAD+gJPTvKeXRenNdF64qznDlCP+C8fQJnuJDO</latexit>

Recoil kick 
Atomic center of mass 

Still within dipole approx.

g
<latexit sha1_base64="Abb9/b1P6t0kbhJX6gBycyGr07Q=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4CjPu3oJePCZgFkiG0NOpSVp7eobuHiEM+QIvHhTx6id582/sLILrg4LHe1VU1QsSwbVx3XcnNze/sLiUXy6srK6tbxQ3txo6ThXDOotFrFoB1Si4xLrhRmArUUijQGAzuL0c+807VJrH8toME/Qj2pc85IwaK9X63WLJLR+73vmJR34Tr+xOUIIZqt3iW6cXszRCaZigWrc9NzF+RpXhTOCo0Ek1JpTd0j62LZU0Qu1nk0NHZM8qPRLGypY0ZKJ+nchopPUwCmxnRM1A//TG4l9eOzXhmZ9xmaQGJZsuClNBTEzGX5MeV8iMGFpCmeL2VsIGVFFmbDYFG8Lnp+R/0jgoe4dlt3ZUqlzM4sjDDuzCPnhwChW4girUgQHCPTzCk3PjPDjPzsu0NefMZrbhG5zXDyyqjS8=</latexit>
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!Q
<latexit sha1_base64="WMBzH+hBANMRaD7FZGNoCcZ6Ng0=">AAAB73icdVDLSgMxFM3UV62vqks3wSK4GjJtHdtd0Y3LFuwD2qFk0kwbmknGJCOU0p9w40IRt/6OO//G9CGo6IELh3Pu5d57woQzbRD6cDJr6xubW9nt3M7u3v5B/vCopWWqCG0SyaXqhFhTzgRtGmY47SSK4jjktB2Or+d++54qzaS4NZOEBjEeChYxgo2VOj0Z0yHuN/r5AnKrVVT2fIjcC4SKftUSVCpWfB96LlqgAFao9/PvvYEkaUyFIRxr3fVQYoIpVoYRTme5XqppgskYD2nXUoFjqoPp4t4ZPLPKAEZS2RIGLtTvE1Mcaz2JQ9sZYzPSv725+JfXTU1UCaZMJKmhgiwXRSmHRsL583DAFCWGTyzBRDF7KyQjrDAxNqKcDeHrU/g/aRVdr+SiRrlQu1rFkQUn4BScAw9cghq4AXXQBARw8ACewLNz5zw6L87rsjXjrGaOwQ84b59YyZAt</latexit>

|g,ki
<latexit sha1_base64="ClFSQYpT6wfmQaX1wdrusTyWZk8=">AAAB/XicbVDLSsNAFL3xWesrPnZuBovgQkqigi6LblxWsA9oQplMJ+3QySTMTIQai7/ixoUibv0Pd/6NkzYLbT0wcDjnXu6ZEyScKe0439bC4tLyympprby+sbm1be/sNlWcSkIbJOaxbAdYUc4EbWimOW0nkuIo4LQVDK9zv3VPpWKxuNOjhPoR7gsWMoK1kbr2/mP/xIuwHgRhNhx7Eos+p1274lSdCdA8cQtSgQL1rv3l9WKSRlRowrFSHddJtJ9hqRnhdFz2UkUTTIa4TzuGChxR5WeT9GN0ZJQeCmNpntBoov7eyHCk1CgKzGQeVM16ufif10l1eOlnTCSppoJMD4UpRzpGeRWoxyQlmo8MwUQykxWRAZaYaFNY2ZTgzn55njRPq+5Z1bk9r9SuijpKcACHcAwuXEANbqAODSDwAM/wCm/Wk/VivVsf09EFq9jZgz+wPn8A84+Vig==</latexit>

|e,k+Qi
<latexit sha1_base64="occwIarOawJvzvBQ3tJQGlECQ4Y=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARBKUkKuiy6MZlC/YBTSiT6U07dDIJMxOhpF34K25cKOLW33Dn3zhpu9DqgYHDOfdyz5wg4Uxpx/myCkvLK6trxfXSxubW9o69u9dUcSopNGjMY9kOiALOBDQ00xzaiQQSBRxawfA291sPIBWLxb0eJeBHpC9YyCjRRuraB2M48yKiB0GYDU/rE08S0efQtctOxZkC/yXunJTRHLWu/en1YppGIDTlRKmO6yTaz4jUjHKYlLxUQULokPShY6ggESg/m+af4GOj9HAYS/OExlP150ZGIqVGUWAm86hq0cvF/7xOqsNrP2MiSTUIOjsUphzrGOdl4B6TQDUfGUKoZCYrpgMiCdWmspIpwV388l/SPK+4FxWnflmu3szrKKJDdIROkIuuUBXdoRpqIIrG6Am9oFfr0Xq23qz32WjBmu/so1+wPr4BBFKWGA==</latexit>

k+Q
<latexit sha1_base64="YsZuJuX5AOQVIBJVqi8DE+7xA5s=">AAAB83icbVDLSsNAFL2pr1pfVZduBosgCCVRQZdFNy5bsA9oQplMJ+3QySTMQyihv+HGhSJu/Rl3/o2TNgttPTBwOOde7pkTppwp7brfTmltfWNzq7xd2dnd2z+oHh51VGIkoW2S8ET2QqwoZ4K2NdOc9lJJcRxy2g0n97nffaJSsUQ86mlKgxiPBIsYwdpKvh9jPQ6jbHLRmg2qNbfuzoFWiVeQGhRoDqpf/jAhJqZCE46V6ntuqoMMS80Ip7OKbxRNMZngEe1bKnBMVZDNM8/QmVWGKEqkfUKjufp7I8OxUtM4tJN5RrXs5eJ/Xt/o6DbImEiNpoIsDkWGI52gvAA0ZJISzaeWYCKZzYrIGEtMtK2pYkvwlr+8SjqXde+q7raua427oo4ynMApnIMHN9CAB2hCGwik8Ayv8OYY58V5dz4WoyWn2DmGP3A+fwD4HpGh</latexit>

Q
<latexit sha1_base64="0tLV1odc/Fw8CXoMPYvsQmnveRI=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyooMuiG5ct2Ae2pWTSO21oJjMkGaEM/Qs3LhRx69+482/MtLPQ1gOBwzn3knOPHwuujet+O4W19Y3NreJ2aWd3b/+gfHjU0lGiGDZZJCLV8alGwSU2DTcCO7FCGvoC2/7kLvPbT6g0j+SDmcbYD+lI8oAzaqz02AupGftB2pgNyhW36s5BVomXkwrkqA/KX71hxJIQpWGCat313Nj0U6oMZwJnpV6iMaZsQkfYtVTSEHU/nSeekTOrDEkQKfukIXP190ZKQ62noW8ns4R62cvE/7xuYoKbfsplnBiUbPFRkAhiIpKdT4ZcITNiagllitushI2poszYkkq2BG/55FXSuqh6l1W3cVWp3eZ1FOEETuEcPLiGGtxDHZrAQMIzvMKbo50X5935WIwWnHznGP7A+fwBwqCQ9w==</latexit>

k
<latexit sha1_base64="XbkblB4UggPQISt2vICNbqVt8I0=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KooMeiF48VbC22oWy2L+3SzSbsboQS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSATXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6zhVDFssFrHqBFSj4BJbhhuBnUQhjQKBD8H4JvcfnlBpHst7M0nQj+hQ8pAzaqz02IuoGQVhNp72qzW37s5AlolXkBoUaParX71BzNIIpWGCat313MT4GVWGM4HTSi/VmFA2pkPsWipphNrPZomn5MQqAxLGyj5pyEz9vZHRSOtJFNjJPKFe9HLxP6+bmvDKz7hMUoOSzT8KU0FMTPLzyYArZEZMLKFMcZuVsBFVlBlbUsWW4C2evEzaZ3XvvO7eXdQa10UdZTiCYzgFDy6hAbfQhBYwkPAMr/DmaOfFeXc+5qMlp9g5hD9wPn8A6iKREQ==</latexit>

|gi
<latexit sha1_base64="9z7En+k1dZiPNdOxm/rA3pdfkdI=">AAAB8HicdVDLSsNAFJ34rPVVdelmsAiuQtKGtu6KblxWsA9pQ5lMJ+nQmUmYmQgl9ivcuFDErZ/jzr9x0lZQ0QMXDufcy733BAmjSjvOh7Wyura+sVnYKm7v7O7tlw4OOypOJSZtHLNY9gKkCKOCtDXVjPQSSRAPGOkGk8vc794RqWgsbvQ0IT5HkaAhxUgb6fY+GkgkIkaGpbJjnzdqFa8GHdtx6m7FzUml7lU96BolRxks0RqW3gejGKecCI0ZUqrvOon2MyQ1xYzMioNUkQThCYpI31CBOFF+Nj94Bk+NMoJhLE0JDefq94kMcaWmPDCdHOmx+u3l4l9eP9Vhw8+oSFJNBF4sClMGdQzz7+GISoI1mxqCsKTmVojHSCKsTUZFE8LXp/B/0qnYbtV2rr1y82IZRwEcgxNwBlxQB01wBVqgDTDg4AE8gWdLWo/Wi/W6aF2xljNH4Aest09qzpDQ</latexit>

|ei
<latexit sha1_base64="ew2mFzkvFeWJ+dhAb+Gxm5K80/0=">AAAB8HicdVBNSwMxEM36WetX1aOXYBE8Lbttaeut6MVjBfshbSnZdNqGJtklyQpl7a/w4kERr/4cb/4bs20FFX0w8Hhvhpl5QcSZNp734aysrq1vbGa2sts7u3v7uYPDpg5jRaFBQx6qdkA0cCahYZjh0I4UEBFwaAWTy9Rv3YHSLJQ3ZhpBT5CRZENGibHS7T10FZEjDv1c3nPPq+VCqYw91/MqfsFPSaFSKpawb5UUebREvZ977w5CGguQhnKidcf3ItNLiDKMcphlu7GGiNAJGUHHUkkE6F4yP3iGT60ywMNQ2ZIGz9XvEwkRWk9FYDsFMWP920vFv7xObIbVXsJkFBuQdLFoGHNsQpx+jwdMATV8agmhitlbMR0TRaixGWVtCF+f4v9Js+D6Rde7LuVrF8s4MugYnaAz5KMKqqErVEcNRJFAD+gJPTvKeXRenNdF64qznDlCP+C8fQJnuJDO</latexit>

Recoil kick 
Atomic center of mass 

Still within dipole approx.

!Q
<latexit sha1_base64="WMBzH+hBANMRaD7FZGNoCcZ6Ng0=">AAAB73icdVDLSgMxFM3UV62vqks3wSK4GjJtHdtd0Y3LFuwD2qFk0kwbmknGJCOU0p9w40IRt/6OO//G9CGo6IELh3Pu5d57woQzbRD6cDJr6xubW9nt3M7u3v5B/vCopWWqCG0SyaXqhFhTzgRtGmY47SSK4jjktB2Or+d++54qzaS4NZOEBjEeChYxgo2VOj0Z0yHuN/r5AnKrVVT2fIjcC4SKftUSVCpWfB96LlqgAFao9/PvvYEkaUyFIRxr3fVQYoIpVoYRTme5XqppgskYD2nXUoFjqoPp4t4ZPLPKAEZS2RIGLtTvE1Mcaz2JQ9sZYzPSv725+JfXTU1UCaZMJKmhgiwXRSmHRsL583DAFCWGTyzBRDF7KyQjrDAxNqKcDeHrU/g/aRVdr+SiRrlQu1rFkQUn4BScAw9cghq4AXXQBARw8ACewLNz5zw6L87rsjXjrGaOwQ84b59YyZAt</latexit>

|g,ki
<latexit sha1_base64="ClFSQYpT6wfmQaX1wdrusTyWZk8=">AAAB/XicbVDLSsNAFL3xWesrPnZuBovgQkqigi6LblxWsA9oQplMJ+3QySTMTIQai7/ixoUibv0Pd/6NkzYLbT0wcDjnXu6ZEyScKe0439bC4tLyympprby+sbm1be/sNlWcSkIbJOaxbAdYUc4EbWimOW0nkuIo4LQVDK9zv3VPpWKxuNOjhPoR7gsWMoK1kbr2/mP/xIuwHgRhNhx7Eos+p1274lSdCdA8cQtSgQL1rv3l9WKSRlRowrFSHddJtJ9hqRnhdFz2UkUTTIa4TzuGChxR5WeT9GN0ZJQeCmNpntBoov7eyHCk1CgKzGQeVM16ufif10l1eOlnTCSppoJMD4UpRzpGeRWoxyQlmo8MwUQykxWRAZaYaFNY2ZTgzn55njRPq+5Z1bk9r9SuijpKcACHcAwuXEANbqAODSDwAM/wCm/Wk/VivVsf09EFq9jZgz+wPn8A84+Vig==</latexit>

|e,k+ kLi
<latexit sha1_base64="tSMUByXOOg2ti6+PKiSDcd923rs=">AAACAXicbVBNS8NAEN3Ur1q/ol4EL8EiCEpJVNBj0YsHDxXsBzQhbLaTdulmE3Y3Qon14l/x4kERr/4Lb/4bN20OWn0w8Hhvhpl5QcKoVLb9ZZTm5hcWl8rLlZXVtfUNc3OrJeNUEGiSmMWiE2AJjHJoKqoYdBIBOAoYtIPhZe6370BIGvNbNUrAi3Cf05ASrLTkmzv3cORGWA2CMBseDv3rsSsw7zPwzapdsyew/hKnIFVUoOGbn24vJmkEXBGGpew6dqK8DAtFCYNxxU0lJJgMcR+6mnIcgfSyyQdja18rPSuMhS6urIn6cyLDkZSjKNCd+bFy1svF/7xuqsJzL6M8SRVwMl0UpsxSsZXHYfWoAKLYSBNMBNW3WmSABSZKh1bRITizL/8lreOac1Kzb06r9YsijjLaRXvoADnoDNXRFWqgJiLoAT2hF/RqPBrPxpvxPm0tGcXMNvoF4+MbioaW8Q==</latexit>

|g,k+Q+ kLi
<latexit sha1_base64="RVnfIk+D8qSqPxo+2aJsTIzJqe4=">AAACA3icbVDLSsNAFJ34rPUVdaebwSIIlZKooMuiGxcuWrAPaEKYTCfp0MkkzEyEEgtu/BU3LhRx60+482+ctFlo64ELh3Pu5d57/IRRqSzr21hYXFpeWS2tldc3Nre2zZ3dtoxTgUkLxywWXR9JwignLUUVI91EEBT5jHT84XXud+6JkDTmd2qUEDdCIacBxUhpyTP3H8ITJ0Jq4AfZsNqsDr3bsSMQDxnxzIpVsyaA88QuSAUUaHjml9OPcRoRrjBDUvZsK1FuhoSimJFx2UklSRAeopD0NOUoItLNJj+M4ZFW+jCIhS6u4ET9PZGhSMpR5OvO/Fw56+Xif14vVcGlm1GepIpwPF0UpAyqGOaBwD4VBCs20gRhQfWtEA+QQFjp2Mo6BHv25XnSPq3ZZzWreV6pXxVxlMABOATHwAYXoA5uQAO0AAaP4Bm8gjfjyXgx3o2PaeuCUczsgT8wPn8Ao56Xgw==</latexit>

Q
<latexit sha1_base64="0tLV1odc/Fw8CXoMPYvsQmnveRI=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyooMuiG5ct2Ae2pWTSO21oJjMkGaEM/Qs3LhRx69+482/MtLPQ1gOBwzn3knOPHwuujet+O4W19Y3NreJ2aWd3b/+gfHjU0lGiGDZZJCLV8alGwSU2DTcCO7FCGvoC2/7kLvPbT6g0j+SDmcbYD+lI8oAzaqz02AupGftB2pgNyhW36s5BVomXkwrkqA/KX71hxJIQpWGCat313Nj0U6oMZwJnpV6iMaZsQkfYtVTSEHU/nSeekTOrDEkQKfukIXP190ZKQ62noW8ns4R62cvE/7xuYoKbfsplnBiUbPFRkAhiIpKdT4ZcITNiagllitushI2poszYkkq2BG/55FXSuqh6l1W3cVWp3eZ1FOEETuEcPLiGGtxDHZrAQMIzvMKbo50X5935WIwWnHznGP7A+fwBwqCQ9w==</latexit>

k
<latexit sha1_base64="XbkblB4UggPQISt2vICNbqVt8I0=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KooMeiF48VbC22oWy2L+3SzSbsboQS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSATXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6zhVDFssFrHqBFSj4BJbhhuBnUQhjQKBD8H4JvcfnlBpHst7M0nQj+hQ8pAzaqz02IuoGQVhNp72qzW37s5AlolXkBoUaParX71BzNIIpWGCat313MT4GVWGM4HTSi/VmFA2pkPsWipphNrPZomn5MQqAxLGyj5pyEz9vZHRSOtJFNjJPKFe9HLxP6+bmvDKz7hMUoOSzT8KU0FMTPLzyYArZEZMLKFMcZuVsBFVlBlbUsWW4C2evEzaZ3XvvO7eXdQa10UdZTiCYzgFDy6hAbfQhBYwkPAMr/DmaOfFeXc+5qMlp9g5hD9wPn8A6iKREQ==</latexit>

|gi
<latexit sha1_base64="9z7En+k1dZiPNdOxm/rA3pdfkdI=">AAAB8HicdVDLSsNAFJ34rPVVdelmsAiuQtKGtu6KblxWsA9pQ5lMJ+nQmUmYmQgl9ivcuFDErZ/jzr9x0lZQ0QMXDufcy733BAmjSjvOh7Wyura+sVnYKm7v7O7tlw4OOypOJSZtHLNY9gKkCKOCtDXVjPQSSRAPGOkGk8vc794RqWgsbvQ0IT5HkaAhxUgb6fY+GkgkIkaGpbJjnzdqFa8GHdtx6m7FzUml7lU96BolRxks0RqW3gejGKecCI0ZUqrvOon2MyQ1xYzMioNUkQThCYpI31CBOFF+Nj94Bk+NMoJhLE0JDefq94kMcaWmPDCdHOmx+u3l4l9eP9Vhw8+oSFJNBF4sClMGdQzz7+GISoI1mxqCsKTmVojHSCKsTUZFE8LXp/B/0qnYbtV2rr1y82IZRwEcgxNwBlxQB01wBVqgDTDg4AE8gWdLWo/Wi/W6aF2xljNH4Aest09qzpDQ</latexit>

|gi
<latexit sha1_base64="9z7En+k1dZiPNdOxm/rA3pdfkdI=">AAAB8HicdVDLSsNAFJ34rPVVdelmsAiuQtKGtu6KblxWsA9pQ5lMJ+nQmUmYmQgl9ivcuFDErZ/jzr9x0lZQ0QMXDufcy733BAmjSjvOh7Wyura+sVnYKm7v7O7tlw4OOypOJSZtHLNY9gKkCKOCtDXVjPQSSRAPGOkGk8vc794RqWgsbvQ0IT5HkaAhxUgb6fY+GkgkIkaGpbJjnzdqFa8GHdtx6m7FzUml7lU96BolRxks0RqW3gejGKecCI0ZUqrvOon2MyQ1xYzMioNUkQThCYpI31CBOFF+Nj94Bk+NMoJhLE0JDefq94kMcaWmPDCdHOmx+u3l4l9eP9Vhw8+oSFJNBF4sClMGdQzz7+GISoI1mxqCsKTmVojHSCKsTUZFE8LXp/B/0qnYbtV2rr1y82IZRwEcgxNwBlxQB01wBVqgDTDg4AE8gWdLWo/Wi/W6aF2xljNH4Aest09qzpDQ</latexit>

k+Q+ kL
<latexit sha1_base64="brIEiiapD4bdlPjTHnJE3VKmgOE=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBGEQklU0GXRjQsXLdgHtCFMppN26GQSZiaFEvonblwo4tY/ceffOGmz0NYDA4dz7uWeOUHCmdKO822trW9sbm2Xdsq7e/sHh/bRcVvFqSS0RWIey26AFeVM0JZmmtNuIimOAk47wfg+9zsTKhWLxZOeJtSL8FCwkBGsjeTbdj/CehSE2bjarI79x5lvV5yaMwdaJW5BKlCg4dtf/UFM0ogKTThWquc6ifYyLDUjnM7K/VTRBJMxHtKeoQJHVHnZPPkMnRtlgMJYmic0mqu/NzIcKTWNAjOZ51TLXi7+5/VSHd56GRNJqqkgi0NhypGOUV4DGjBJieZTQzCRzGRFZIQlJtqUVTYluMtfXiXty5p7VXOa15X6XVFHCU7hDC7AhRuowwM0oAUEJvAMr/BmZdaL9W59LEbXrGLnBP7A+vwB/k6TOw==</latexit>

⌦
<latexit sha1_base64="Ftac6YTH9z2iUVqDYVKwbQPEEro=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyqoMegF29GMA9IljA76U3GzGOZmRXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWaQoMqrnQ7IgY4k9CwzHJoJxqIiDi0otHN1G89gTZMyQc7TiAUZCBZzCixTmp27wQMSK9c8av+DHiZBDmpoBz1Xvmr21c0FSAt5cSYTuAnNsyItoxymJS6qYGE0BEZQMdRSQSYMJtdO8EnTunjWGlX0uKZ+nsiI8KYsYhcpyB2aBa9qfif10ltfBVmTCapBUnni+KUY6vw9HXcZxqo5WNHCNXM3YrpkGhCrQuo5EIIFl9eJs2zanBe9e8vKrXrPI4iOkLH6BQF6BLV0C2qowai6BE9o1f05invxXv3PuatBS+fOUR/4H3+AF/bjv0=</latexit>

g
<latexit sha1_base64="Abb9/b1P6t0kbhJX6gBycyGr07Q=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4CjPu3oJePCZgFkiG0NOpSVp7eobuHiEM+QIvHhTx6id582/sLILrg4LHe1VU1QsSwbVx3XcnNze/sLiUXy6srK6tbxQ3txo6ThXDOotFrFoB1Si4xLrhRmArUUijQGAzuL0c+807VJrH8toME/Qj2pc85IwaK9X63WLJLR+73vmJR34Tr+xOUIIZqt3iW6cXszRCaZigWrc9NzF+RpXhTOCo0Ek1JpTd0j62LZU0Qu1nk0NHZM8qPRLGypY0ZKJ+nchopPUwCmxnRM1A//TG4l9eOzXhmZ9xmaQGJZsuClNBTEzGX5MeV8iMGFpCmeL2VsIGVFFmbDYFG8Lnp+R/0jgoe4dlt3ZUqlzM4sjDDuzCPnhwChW4girUgQHCPTzCk3PjPDjPzsu0NefMZrbhG5zXDyyqjS8=</latexit>

g⌦

�a
<latexit sha1_base64="IDoyEMAj2WFmQYzrbvfNmLm4vNk=">AAACB3icdVDLSgNBEJyN7/iKehRkMAiewq5vb6IevKlgTCAbQu+kNxmc2V1mZoWw7M2Lv+LFgyJe/QVv/o2TGMFnQUNR1U13V5AIro3rvjmFkdGx8YnJqeL0zOzcfGlh8VLHqWJYZbGIVT0AjYJHWDXcCKwnCkEGAmvB1VHfr12j0jyOLkwvwaaETsRDzsBYqVVa8UMFLOv4pxI7kGf+MQoDrcxXkkKet0plt7Ltevs7Hv1NvIo7QJkMcdYqvfrtmKUSI8MEaN3w3MQ0M1CGM4F50U81JsCuoIMNSyOQqJvZ4I+crlmlTcNY2YoMHahfJzKQWvdkYDslmK7+6fXFv7xGasK9ZsajJDUYsY9FYSqoiWk/FNrmCpkRPUuAKW5vpawLNhhjoyvaED4/pf+Ty42Kt1lxz7fKB4fDOCbJMlkl68Qju+SAnJAzUiWM3JA78kAenVvn3nlynj9aC85wZol8g/PyDvxrmgg=</latexit>

Dispersive coupling 
Far-off resonant laser (      is the larges scale): Excited-state-dynamics frozen the two-photon transition

�a
<latexit sha1_base64="iGC2uoUe1Ta/CAABsNOekx5tKDA=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJ4KokKeizqwWMF+wFNLJPttl262YTdjVJC/4cXD4p49b9489+4bXPQ1gcDj/dmmJkXJoJr47rfztLyyuraemGjuLm1vbNb2ttv6DhVlNVpLGLVClEzwSWrG24EayWKYRQK1gyH1xO/+ciU5rG8N6OEBRH2Je9xisZKD/4NEwY7ma8iguNOqexW3CnIIvFyUoYctU7py+/GNI2YNFSg1m3PTUyQoTKcCjYu+qlmCdIh9lnbUokR00E2vXpMjq3SJb1Y2ZKGTNXfExlGWo+i0HZGaAZ63puI/3nt1PQug4zLJDVM0tmiXiqIickkAtLlilEjRpYgVdzeSugAFVJjgyraELz5lxdJ47TinVXcu/Ny9SqPowCHcAQn4MEFVOEWalAHCgqe4RXenCfnxXl3PmatS04+cwB/4Hz+AE8rkmE=</latexit>

�a
<latexit sha1_base64="iGC2uoUe1Ta/CAABsNOekx5tKDA=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJ4KokKeizqwWMF+wFNLJPttl262YTdjVJC/4cXD4p49b9489+4bXPQ1gcDj/dmmJkXJoJr47rfztLyyuraemGjuLm1vbNb2ttv6DhVlNVpLGLVClEzwSWrG24EayWKYRQK1gyH1xO/+ciU5rG8N6OEBRH2Je9xisZKD/4NEwY7ma8iguNOqexW3CnIIvFyUoYctU7py+/GNI2YNFSg1m3PTUyQoTKcCjYu+qlmCdIh9lnbUokR00E2vXpMjq3SJb1Y2ZKGTNXfExlGWo+i0HZGaAZ63puI/3nt1PQug4zLJDVM0tmiXiqIickkAtLlilEjRpYgVdzeSugAFVJjgyraELz5lxdJ47TinVXcu/Ny9SqPowCHcAQn4MEFVOEWalAHCgqe4RXenCfnxXl3PmatS04+cwB/4Hz+AE8rkmE=</latexit>
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Dispersive coupling to the atomic motion

Far-off resonant laser (      is the larges scale): Excited-state-dynamics frozen the two-photon transition�a
<latexit sha1_base64="iGC2uoUe1Ta/CAABsNOekx5tKDA=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJ4KokKeizqwWMF+wFNLJPttl262YTdjVJC/4cXD4p49b9489+4bXPQ1gcDj/dmmJkXJoJr47rfztLyyuraemGjuLm1vbNb2ttv6DhVlNVpLGLVClEzwSWrG24EayWKYRQK1gyH1xO/+ciU5rG8N6OEBRH2Je9xisZKD/4NEwY7ma8iguNOqexW3CnIIvFyUoYctU7py+/GNI2YNFSg1m3PTUyQoTKcCjYu+qlmCdIh9lnbUokR00E2vXpMjq3SJb1Y2ZKGTNXfExlGWo+i0HZGaAZ63puI/3nt1PQug4zLJDVM0tmiXiqIickkAtLlilEjRpYgVdzeSugAFVJjgyraELz5lxdJ47TinVXcu/Ny9SqPowCHcAQn4MEFVOEWalAHCgqe4RXenCfnxXl3PmatS04+cwB/4Hz+AE8rkmE=</latexit>

Hamiltonian in real space:

Dynamical Optical potential 
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<latexit sha1_base64="8f3Z1M0hM/MwjIEkqD6Qiptnt1Q="></latexit>

Coupling is nonlinear

g�
<latexit sha1_base64="VDvobPRrbOSewIW5+/jSJoGISqU=">AAAB8HicdVDLSgMxFM3UV62vqks3wSK4GjJtHdtd0Y3LCrZV2qFkMpk2NMkMSUYopV/hxoUibv0cd/6N6UNQ0QOBwznnkntPmHKmDUIfTm5ldW19I79Z2Nre2d0r7h+0dZIpQlsk4Ym6DbGmnEnaMsxwepsqikXIaSccXc78zj1VmiXyxoxTGgg8kCxmBBsr3Q36PW7DEe4XS8it11HV8yFyzxAq+3VLUKVc833ouWiOElii2S++96KEZIJKQzjWuuuh1AQTrAwjnE4LvUzTFJMRHtCupRILqoPJfOEpPLFKBONE2ScNnKvfJyZYaD0WoU0KbIb6tzcT//K6mYlrwYTJNDNUksVHccahSeDsehgxRYnhY0swUczuCskQK0yM7ahgS/i6FP5P2mXXq7joulpqXCzryIMjcAxOgQfOQQNcgSZoAQIEeABP4NlRzqPz4rwuojlnOXMIfsB5+wQnYZCl</latexit>

g⌦
<latexit sha1_base64="NNkHJfPjAd04lSnuoPPzZukHV6o=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6LHoxZsV7Ae0oWy2k3bp7ibuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8MOFMG8/7dgorq2vrG8XN0tb2zu5eef+gqeNUUWzQmMeqHRKNnElsGGY4thOFRIQcW+HoZuq3nlBpFssHM04wEGQgWcQoMVZqD3rdO4ED0itXvKo3g7tM/JxUIEe9V/7q9mOaCpSGcqJ1x/cSE2REGUY5TkrdVGNC6IgMsGOpJAJ1kM3unbgnVum7UaxsSePO1N8TGRFaj0VoOwUxQ73oTcX/vE5qoqsgYzJJDUo6XxSl3DWxO33e7TOF1PCxJYQqZm916ZAoQo2NqGRD8BdfXibNs6p/XvXuLyq16zyOIhzBMZyCD5dQg1uoQwMocHiGV3hzHp0X5935mLcWnHzmEP7A+fwB2uuP1w==</latexit>

�a
<latexit sha1_base64="tuifYdv3KW1bTCwlzculnGhK2II=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lU0GNRDx4r2A9oQ5lsN+3SzSbuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HYDhUijeQIGStxPNIQokbwWjm6nfeuLaiFg94DjhfgQDJULBAK3U7t5yidCDXrniVt0Z6DLxclIhOeq98le3H7M04gqZBGM6npugn4FGwSSflLqp4QmwEQx4x1IFETd+Nrt3Qk+s0qdhrG0ppDP190QGkTHjKLCdEeDQLHpT8T+vk2J45WdCJSlyxeaLwlRSjOn0edoXmjOUY0uAaWFvpWwIGhjaiEo2BG/x5WXSPKt651X3/qJSu87jKJIjckxOiUcuSY3ckTppEEYkeSav5M15dF6cd+dj3lpw8plD8gfO5w/TDo/S</latexit>

��
<latexit sha1_base64="gzmtXIl4CTixz/+vWdO/x6nVHcg=">AAAB9XicbVDLSsNAFJ34rPVVdelmsAiuSqKCLou6cFnBPqCJZTK5aYdOHszcKCX0P9y4UMSt/+LOv3HaZqGtBwYO59zDvXP8VAqNtv1tLS2vrK6tlzbKm1vbO7uVvf2WTjLFockTmaiOzzRIEUMTBUropApY5Eto+8Prid9+BKVFEt/jKAUvYv1YhIIzNNKDewMSWc+VJhGwXqVq1+wp6CJxClIlBRq9ypcbJDyLIEYumdZdx07Ry5lCwSWMy26mIWV8yPrQNTRmEWgvn149psdGCWiYKPNipFP1dyJnkdajyDeTEcOBnvcm4n9eN8Pw0stFnGYIMZ8tCjNJMaGTCmggFHCUI0MYV8LcSvmAKcbRFFU2JTjzX14krdOac1az786r9auijhI5JEfkhDjkgtTJLWmQJuFEkWfySt6sJ+vFerc+ZqNLVpE5IH9gff4AXKiSag==</latexit>

|gi
<latexit sha1_base64="TcDKhDs/D42tOioiRDtLc4AUiSE=">AAAB8HicdVDLSgMxFM3UV62vqks3wSK4GjJtbXVXdOOygrWVdiiZNDMNTTJDkhHK2K9w40IRt36OO//G9CGo6IELh3Pu5d57goQzbRD6cHJLyyura/n1wsbm1vZOcXfvRsepIrRFYh6rToA15UzSlmGG006iKBYBp+1gdDH123dUaRbLazNOqC9wJFnICDZWur2PegrLiNN+sYRcVKl75ROI3AqqolrNkjpCZ6gMPRfNUAILNPvF994gJqmg0hCOte56KDF+hpVhhNNJoZdqmmAywhHtWiqxoNrPZgdP4JFVBjCMlS1p4Ez9PpFhofVYBLZTYDPUv72p+JfXTU146mdMJqmhkswXhSmHJobT7+GAKUoMH1uCiWL2VkiGWGFibEYFG8LXp/B/clN2vYqLrqqlxvkijjw4AIfgGHigDhrgEjRBCxAgwAN4As+Och6dF+d13ppzFjP74Aect09aSpDF</latexit>

|ei
<latexit sha1_base64="8iAbF4QcR7OXnyVBq2KitFu75QU=">AAAB8HicdVBNSwMxEM3Wr1q/qh69BIvgacm2tdVb0YvHCtZW2qVk09k2NJtdkqxQan+FFw+KePXnePPfmH4IKvpg4PHeDDPzgkRwbQj5cDJLyyura9n13Mbm1vZOfnfvRsepYtBgsYhVK6AaBJfQMNwIaCUKaBQIaAbDi6nfvAOleSyvzSgBP6J9yUPOqLHS7T10FJV9Ad18gbikVPWKJ5i4JVImlYolVULOSBF7LpmhgBaod/PvnV7M0gikYYJq3fZIYvwxVYYzAZNcJ9WQUDakfWhbKmkE2h/PDp7gI6v0cBgrW9Lgmfp9YkwjrUdRYDsjagb6tzcV//LaqQlP/TGXSWpAsvmiMBXYxHj6Pe5xBcyIkSWUKW5vxWxAFWXGZpSzIXx9iv8nN0XXK7nkqlyonS/iyKIDdIiOkYeqqIYuUR01EEMRekBP6NlRzqPz4rzOWzPOYmYf/YDz9glXNJDD</latexit>

�a
<latexit sha1_base64="tuifYdv3KW1bTCwlzculnGhK2II=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lU0GNRDx4r2A9oQ5lsN+3SzSbuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HYDhUijeQIGStxPNIQokbwWjm6nfeuLaiFg94DjhfgQDJULBAK3U7t5yidCDXrniVt0Z6DLxclIhOeq98le3H7M04gqZBGM6npugn4FGwSSflLqp4QmwEQx4x1IFETd+Nrt3Qk+s0qdhrG0ppDP190QGkTHjKLCdEeDQLHpT8T+vk2J45WdCJSlyxeaLwlRSjOn0edoXmjOUY0uAaWFvpWwIGhjaiEo2BG/x5WXSPKt651X3/qJSu87jKJIjckxOiUcuSY3ckTppEEYkeSav5M15dF6cd+dj3lpw8plD8gfO5w/TDo/S</latexit>

��
<latexit sha1_base64="gzmtXIl4CTixz/+vWdO/x6nVHcg=">AAAB9XicbVDLSsNAFJ34rPVVdelmsAiuSqKCLou6cFnBPqCJZTK5aYdOHszcKCX0P9y4UMSt/+LOv3HaZqGtBwYO59zDvXP8VAqNtv1tLS2vrK6tlzbKm1vbO7uVvf2WTjLFockTmaiOzzRIEUMTBUropApY5Eto+8Prid9+BKVFEt/jKAUvYv1YhIIzNNKDewMSWc+VJhGwXqVq1+wp6CJxClIlBRq9ypcbJDyLIEYumdZdx07Ry5lCwSWMy26mIWV8yPrQNTRmEWgvn149psdGCWiYKPNipFP1dyJnkdajyDeTEcOBnvcm4n9eN8Pw0stFnGYIMZ8tCjNJMaGTCmggFHCUI0MYV8LcSvmAKcbRFFU2JTjzX14krdOac1az786r9auijhI5JEfkhDjkgtTJLWmQJuFEkWfySt6sJ+vFerc+ZqNLVpE5IH9gff4AXKiSag==</latexit>

|gi
<latexit sha1_base64="TcDKhDs/D42tOioiRDtLc4AUiSE=">AAAB8HicdVDLSgMxFM3UV62vqks3wSK4GjJtbXVXdOOygrWVdiiZNDMNTTJDkhHK2K9w40IRt36OO//G9CGo6IELh3Pu5d57goQzbRD6cHJLyyura/n1wsbm1vZOcXfvRsepIrRFYh6rToA15UzSlmGG006iKBYBp+1gdDH123dUaRbLazNOqC9wJFnICDZWur2PegrLiNN+sYRcVKl75ROI3AqqolrNkjpCZ6gMPRfNUAILNPvF994gJqmg0hCOte56KDF+hpVhhNNJoZdqmmAywhHtWiqxoNrPZgdP4JFVBjCMlS1p4Ez9PpFhofVYBLZTYDPUv72p+JfXTU146mdMJqmhkswXhSmHJobT7+GAKUoMH1uCiWL2VkiGWGFibEYFG8LXp/B/clN2vYqLrqqlxvkijjw4AIfgGHigDhrgEjRBCxAgwAN4As+Och6dF+d13ppzFjP74Aect09aSpDF</latexit>

|ei
<latexit sha1_base64="8iAbF4QcR7OXnyVBq2KitFu75QU=">AAAB8HicdVBNSwMxEM3Wr1q/qh69BIvgacm2tdVb0YvHCtZW2qVk09k2NJtdkqxQan+FFw+KePXnePPfmH4IKvpg4PHeDDPzgkRwbQj5cDJLyyura9n13Mbm1vZOfnfvRsepYtBgsYhVK6AaBJfQMNwIaCUKaBQIaAbDi6nfvAOleSyvzSgBP6J9yUPOqLHS7T10FJV9Ad18gbikVPWKJ5i4JVImlYolVULOSBF7LpmhgBaod/PvnV7M0gikYYJq3fZIYvwxVYYzAZNcJ9WQUDakfWhbKmkE2h/PDp7gI6v0cBgrW9Lgmfp9YkwjrUdRYDsjagb6tzcV//LaqQlP/TGXSWpAsvmiMBXYxHj6Pe5xBcyIkSWUKW5vxWxAFWXGZpSzIXx9iv8nN0XXK7nkqlyonS/iyKIDdIiOkYeqqIYuUR01EEMRekBP6NlRzqPz4rzOWzPOYmYf/YDz9glXNJDD</latexit>

g�
<latexit sha1_base64="VDvobPRrbOSewIW5+/jSJoGISqU=">AAAB8HicdVDLSgMxFM3UV62vqks3wSK4GjJtHdtd0Y3LCrZV2qFkMpk2NMkMSUYopV/hxoUibv0cd/6N6UNQ0QOBwznnkntPmHKmDUIfTm5ldW19I79Z2Nre2d0r7h+0dZIpQlsk4Ym6DbGmnEnaMsxwepsqikXIaSccXc78zj1VmiXyxoxTGgg8kCxmBBsr3Q36PW7DEe4XS8it11HV8yFyzxAq+3VLUKVc833ouWiOElii2S++96KEZIJKQzjWuuuh1AQTrAwjnE4LvUzTFJMRHtCupRILqoPJfOEpPLFKBONE2ScNnKvfJyZYaD0WoU0KbIb6tzcT//K6mYlrwYTJNDNUksVHccahSeDsehgxRYnhY0swUczuCskQK0yM7ahgS/i6FP5P2mXXq7joulpqXCzryIMjcAxOgQfOQQNcgSZoAQIEeABP4NlRzqPz4rwuojlnOXMIfsB5+wQnYZCl</latexit>

g�0
<latexit sha1_base64="Wx5X8UoPlELaOZynwMCdrn0Exao=">AAAB83icdVDLSgMxFM3UV62vqks3wSK6GjJtHdtd0Y3LCrYWOkPJZDJtaCYzJBmhDP0NNy4UcevPuPNvTB+Cih4IHM45l3tzgpQzpRH6sAorq2vrG8XN0tb2zu5eef+gq5JMEtohCU9kL8CKciZoRzPNaS+VFMcBp3fB+Grm391TqVgibvUkpX6Mh4JFjGBtJG84yD1u0iE+nQ7KFWQ3m6juuBDZ5whV3aYhqFZtuC50bDRHBSzRHpTfvTAhWUyFJhwr1XdQqv0cS80Ip9OSlymaYjLGQ9o3VOCYKj+f3zyFJ0YJYZRI84SGc/X7RI5jpSZxYJIx1iP125uJf3n9TEcNP2cizTQVZLEoyjjUCZwVAEMmKdF8YggmkplbIRlhiYk2NZVMCV8/hf+TbtV2aja6qVdal8s6iuAIHIMz4IAL0ALXoA06gIAUPIAn8Gxl1qP1Yr0uogVrOXMIfsB6+wRVo5Hi</latexit>

g�/⌦(r) / u�/⌦(r)
<latexit sha1_base64="yBVcr2SKdjAo6W2eM/eUX/baC84=">AAACLXicfVDLSsNAFJ3UV62vqEs3wSLUTU1U0GVRF+6sYB/QhDCZTNKhk2SYmQgl5Ifc+CsiuKiIW3/DSZuFtuKBgcM55zL3Ho9RIqRpTrTK0vLK6lp1vbaxubW9o+/udUWScoQ7KKEJ73tQYEpi3JFEUtxnHMPIo7jnja4Lv/eIuSBJ/CDHDDsRDGMSEASlklz9JnQzm6q8D0/suwiHMG/YEZRDL8h4fmwznjCZGOm/KVevm01zCmORWCWpgxJtV3+1/QSlEY4lolCIgWUy6WSQS4Iozmt2KjCDaARDPFA0hhEWTja9NjeOlOIbQcLVi6UxVX9OZDASYhx5KlmsKOa9QvzLG6QyuHQyErNU4hjNPgpSaqj7i+oMn3CMJB0rAhEnalcDDSGHSKqCa6oEa/7kRdI9bVpnTfP+vN66KuuoggNwCBrAAhegBW5BG3QAAk/gBUzAu/asvWkf2ucsWtHKmX3wC9rXN2yDqXM=</latexit>

Recall: the dipole coupling strength

Depends on the electromagnetic mode function 
computed at the position of the atom
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<latexit sha1_base64="Q9LxDkhQKJw1uMUFeyEBVFy6F/A="></latexit>
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Dispersive coupling to the atomic motion

Far-off resonant laser (      is the larges scale): Excited-state-dynamics frozen the two-photon transition�a
<latexit sha1_base64="iGC2uoUe1Ta/CAABsNOekx5tKDA=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJ4KokKeizqwWMF+wFNLJPttl262YTdjVJC/4cXD4p49b9489+4bXPQ1gcDj/dmmJkXJoJr47rfztLyyuraemGjuLm1vbNb2ttv6DhVlNVpLGLVClEzwSWrG24EayWKYRQK1gyH1xO/+ciU5rG8N6OEBRH2Je9xisZKD/4NEwY7ma8iguNOqexW3CnIIvFyUoYctU7py+/GNI2YNFSg1m3PTUyQoTKcCjYu+qlmCdIh9lnbUokR00E2vXpMjq3SJb1Y2ZKGTNXfExlGWo+i0HZGaAZ63puI/3nt1PQug4zLJDVM0tmiXiqIickkAtLlilEjRpYgVdzeSugAFVJjgyraELz5lxdJ47TinVXcu/Ny9SqPowCHcAQn4MEFVOEWalAHCgqe4RXenCfnxXl3PmatS04+cwB/4Hz+AE8rkmE=</latexit>

Hamiltonian in real space:

Dynamical Optical potential

Exercise: derive the above Hamiltonian starting from the Jaynes-Cummings Hamiltonian.

Hint: assuming far-off detuned laser use the approximate representation: �+(r) '  g(r) 
†
e(r)

<latexit sha1_base64="xHKw6LVVr4VA/kLjbIHp0Bm0T1c="></latexit>

In Heisenberg picture assume the excited state operator is in the steady state (adiabatic elimination)
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<latexit sha1_base64="8f3Z1M0hM/MwjIEkqD6Qiptnt1Q="></latexit>

V̂ (r) = Vext(r) +
X

�

✓
g⌦(r)g�(r)

�a

p
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<latexit sha1_base64="hsj0Q/uQ3iJ88YfpKZwM/x/CXOA="></latexit>
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Dispersive coupling to the atomic motion

Far-off resonant laser (      is the larges scale): Excited-state-dynamics frozen the two-photon transition�a
<latexit sha1_base64="iGC2uoUe1Ta/CAABsNOekx5tKDA=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJ4KokKeizqwWMF+wFNLJPttl262YTdjVJC/4cXD4p49b9489+4bXPQ1gcDj/dmmJkXJoJr47rfztLyyuraemGjuLm1vbNb2ttv6DhVlNVpLGLVClEzwSWrG24EayWKYRQK1gyH1xO/+ciU5rG8N6OEBRH2Je9xisZKD/4NEwY7ma8iguNOqexW3CnIIvFyUoYctU7py+/GNI2YNFSg1m3PTUyQoTKcCjYu+qlmCdIh9lnbUokR00E2vXpMjq3SJb1Y2ZKGTNXfExlGWo+i0HZGaAZ63puI/3nt1PQug4zLJDVM0tmiXiqIickkAtLlilEjRpYgVdzeSugAFVJjgyraELz5lxdJ47TinVXcu/Ny9SqPowCHcAQn4MEFVOEWalAHCgqe4RXenCfnxXl3PmatS04+cwB/4Hz+AE8rkmE=</latexit>

Hamiltonian in real space:

Dynamical Optical potential

Exercise: derive the above Hamiltonian starting from the Jaynes-Cummings Hamiltonian.

Hint: assuming far-off detuned laser use the approximate representation: �+(r) '  g(r) 
†
e(r)

<latexit sha1_base64="xHKw6LVVr4VA/kLjbIHp0Bm0T1c="></latexit>

In Heisenberg picture assume the excited state operator is in the steady state (adiabatic elimination)

Note: the \psi-operators describe the motion of the atomic COM and not of the electrons! 
The electron dynamics is reduced to a single-particle quantum number e/g.

Directly applicable to N atoms.
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<latexit sha1_base64="8f3Z1M0hM/MwjIEkqD6Qiptnt1Q="></latexit>

V̂ (r) = Vext(r) +
X

�

✓
g⌦(r)g�(r)

�a

p
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<latexit sha1_base64="hsj0Q/uQ3iJ88YfpKZwM/x/CXOA="></latexit>



Quantum nonlinear optics with atomic motion

g⌦
<latexit sha1_base64="NNkHJfPjAd04lSnuoPPzZukHV6o=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6LHoxZsV7Ae0oWy2k3bp7ibuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8MOFMG8/7dgorq2vrG8XN0tb2zu5eef+gqeNUUWzQmMeqHRKNnElsGGY4thOFRIQcW+HoZuq3nlBpFssHM04wEGQgWcQoMVZqD3rdO4ED0itXvKo3g7tM/JxUIEe9V/7q9mOaCpSGcqJ1x/cSE2REGUY5TkrdVGNC6IgMsGOpJAJ1kM3unbgnVum7UaxsSePO1N8TGRFaj0VoOwUxQ73oTcX/vE5qoqsgYzJJDUo6XxSl3DWxO33e7TOF1PCxJYQqZm916ZAoQo2NqGRD8BdfXibNs6p/XvXuLyq16zyOIhzBMZyCD5dQg1uoQwMocHiGV3hzHp0X5935mLcWnHzmEP7A+fwB2uuP1w==</latexit>

g�
<latexit sha1_base64="VDvobPRrbOSewIW5+/jSJoGISqU=">AAAB8HicdVDLSgMxFM3UV62vqks3wSK4GjJtHdtd0Y3LCrZV2qFkMpk2NMkMSUYopV/hxoUibv0cd/6N6UNQ0QOBwznnkntPmHKmDUIfTm5ldW19I79Z2Nre2d0r7h+0dZIpQlsk4Ym6DbGmnEnaMsxwepsqikXIaSccXc78zj1VmiXyxoxTGgg8kCxmBBsr3Q36PW7DEe4XS8it11HV8yFyzxAq+3VLUKVc833ouWiOElii2S++96KEZIJKQzjWuuuh1AQTrAwjnE4LvUzTFJMRHtCupRILqoPJfOEpPLFKBONE2ScNnKvfJyZYaD0WoU0KbIb6tzcT//K6mYlrwYTJNDNUksVHccahSeDsehgxRYnhY0swUczuCskQK0yM7ahgS/i6FP5P2mXXq7joulpqXCzryIMjcAxOgQfOQQNcgSZoAQIEeABP4NlRzqPz4rwuojlnOXMIfsB5+wQnYZCl</latexit>

Cloud of laser-driven atoms
Ĥ = �

X

�

��â
†
�â� +

Z

r
 ̂
†(r)

✓
� r2

2m
+ V̂ (r)

◆
 ̂(r)

<latexit sha1_base64="sm9Zl93t5hB0ZUKAW9Q0RX52++4="></latexit>

Susceptibility 
Measures the linear response  
of the material to a photon

�(!�) =
X

jk

(nk � nj)
��hk|V pert

� |ji
��2

!� � ✏j + ✏k + i�jk
<latexit sha1_base64="y6JFXxdam1b5c2e6fj+ksAwyQAI="></latexit>

V̂ (r) = Vext(r) +
X

�

✓
g⌦(r)g�(r)

�a

p
n⌦â� + h.c.

◆

<latexit sha1_base64="6xZx1ppdoifaQxhEcVaT28osf3k="></latexit>

nk
<latexit sha1_base64="RelYjaFRqJbgW3esN8CaTkyvQ64=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB9Uf98sVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2nZEPwll9eJa2LqndZde9rlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3A+fwBVBo3S</latexit>

•         : average occupation of the k-th atomic eigenstate in the trap V_ext 

• Interaction matrix-element 

• Width of the transition is negligible in the dispersive regime: �jk ' 0
<latexit sha1_base64="o8JyydFiHTG9yCfrcArf3RA+QZE=">AAAB/HicbVBNS8NAEJ3Ur1q/oj16WSyCp5KooMeiF48V7Ae0IWy2m3btbhJ3N0II9a948aCIV3+IN/+N2zYHbX0w8Hhvhpl5QcKZ0o7zbZVWVtfWN8qbla3tnd09e/+greJUEtoiMY9lN8CKchbRlmaa024iKRYBp51gfD31O49UKhZHdzpLqCfwMGIhI1gbyber/SEWAvv5/XjSV0zQB+T4ds2pOzOgZeIWpAYFmr791R/EJBU00oRjpXquk2gvx1Izwumk0k8VTTAZ4yHtGRphQZWXz46foGOjDFAYS1ORRjP190SOhVKZCEynwHqkFr2p+J/XS3V46eUsSlJNIzJfFKYc6RhNk0ADJinRPDMEE8nMrYiMsMREm7wqJgR38eVl0j6tu2d15/a81rgq4ijDIRzBCbhwAQ24gSa0gEAGz/AKb9aT9WK9Wx/z1pJVzFThD6zPH6bxlME=</latexit>

hk|V pert
� |ji =

p
n⌦

�a

Z

r
�⇤
k(r)g⌦(r)g�(r)�j(r)

<latexit sha1_base64="DkJccEoiK49SqpPF2GF9o1mLe/c="></latexit>



Quantum nonlinear optics with atomic motion

g⌦
<latexit sha1_base64="NNkHJfPjAd04lSnuoPPzZukHV6o=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6LHoxZsV7Ae0oWy2k3bp7ibuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8MOFMG8/7dgorq2vrG8XN0tb2zu5eef+gqeNUUWzQmMeqHRKNnElsGGY4thOFRIQcW+HoZuq3nlBpFssHM04wEGQgWcQoMVZqD3rdO4ED0itXvKo3g7tM/JxUIEe9V/7q9mOaCpSGcqJ1x/cSE2REGUY5TkrdVGNC6IgMsGOpJAJ1kM3unbgnVum7UaxsSePO1N8TGRFaj0VoOwUxQ73oTcX/vE5qoqsgYzJJDUo6XxSl3DWxO33e7TOF1PCxJYQqZm916ZAoQo2NqGRD8BdfXibNs6p/XvXuLyq16zyOIhzBMZyCD5dQg1uoQwMocHiGV3hzHp0X5935mLcWnHzmEP7A+fwB2uuP1w==</latexit>

g�
<latexit sha1_base64="VDvobPRrbOSewIW5+/jSJoGISqU=">AAAB8HicdVDLSgMxFM3UV62vqks3wSK4GjJtHdtd0Y3LCrZV2qFkMpk2NMkMSUYopV/hxoUibv0cd/6N6UNQ0QOBwznnkntPmHKmDUIfTm5ldW19I79Z2Nre2d0r7h+0dZIpQlsk4Ym6DbGmnEnaMsxwepsqikXIaSccXc78zj1VmiXyxoxTGgg8kCxmBBsr3Q36PW7DEe4XS8it11HV8yFyzxAq+3VLUKVc833ouWiOElii2S++96KEZIJKQzjWuuuh1AQTrAwjnE4LvUzTFJMRHtCupRILqoPJfOEpPLFKBONE2ScNnKvfJyZYaD0WoU0KbIb6tzcT//K6mYlrwYTJNDNUksVHccahSeDsehgxRYnhY0swUczuCskQK0yM7ahgS/i6FP5P2mXXq7joulpqXCzryIMjcAxOgQfOQQNcgSZoAQIEeABP4NlRzqPz4rwuojlnOXMIfsB5+wQnYZCl</latexit>

Cloud of laser-driven atoms
Ĥ = �

X

�

��â
†
�â� +

Z

r
 ̂
†(r)

✓
� r2

2m
+ V̂ (r)

◆
 ̂(r)

<latexit sha1_base64="sm9Zl93t5hB0ZUKAW9Q0RX52++4="></latexit>

V̂ (r) = Vext(r) +
X

�

✓
g⌦(r)g�(r)

�a
⌦â� + h.c.

◆

<latexit sha1_base64="s7nQjNXdaBbGYfETbW9Gq0DIzeg="></latexit>

Example: 
Homogeneous cloud V_ext=0 

Plane wave EM mode with momentum Q
�(!�,Q) =

g⌦g�
�a

X

k

nk � nk+Q

!� � ✏k+Q + ✏k + i0+
<latexit sha1_base64="pzmpRT3co0OU0PMaLNTmGsoRkrg="></latexit>

g⌦(r)g�(r) = g⌦g�e
iQ·r

<latexit sha1_base64="GaJIbMkw6vTYOr0JXJZ+ysFngxI="></latexit>

Susceptibility 
Measures the linear response  
of the material to a photon

�(!�) =
X

jk

(nk � nj)
��hk|V pert

� |ji
��2

!� � ✏j + ✏k + i�jk
<latexit sha1_base64="y6JFXxdam1b5c2e6fj+ksAwyQAI="></latexit>

nk
<latexit sha1_base64="RelYjaFRqJbgW3esN8CaTkyvQ64=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB9Uf98sVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2nZEPwll9eJa2LqndZde9rlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3A+fwBVBo3S</latexit>

•         : average occupation of the k-th atomic eigenstate in the trap V_ext 

• Interaction matrix-element 

• Width of the transition is negligible in the dispersive regime: �jk ' 0
<latexit sha1_base64="o8JyydFiHTG9yCfrcArf3RA+QZE=">AAAB/HicbVBNS8NAEJ3Ur1q/oj16WSyCp5KooMeiF48V7Ae0IWy2m3btbhJ3N0II9a948aCIV3+IN/+N2zYHbX0w8Hhvhpl5QcKZ0o7zbZVWVtfWN8qbla3tnd09e/+greJUEtoiMY9lN8CKchbRlmaa024iKRYBp51gfD31O49UKhZHdzpLqCfwMGIhI1gbyber/SEWAvv5/XjSV0zQB+T4ds2pOzOgZeIWpAYFmr791R/EJBU00oRjpXquk2gvx1Izwumk0k8VTTAZ4yHtGRphQZWXz46foGOjDFAYS1ORRjP190SOhVKZCEynwHqkFr2p+J/XS3V46eUsSlJNIzJfFKYc6RhNk0ADJinRPDMEE8nMrYiMsMREm7wqJgR38eVl0j6tu2d15/a81rgq4ijDIRzBCbhwAQ24gSa0gEAGz/AKb9aT9WK9Wx/z1pJVzFThD6zPH6bxlME=</latexit>

hk|V pert
� |ji =

p
n⌦

�a

Z

r
�⇤
k(r)g⌦(r)g�(r)�j(r)

<latexit sha1_base64="DkJccEoiK49SqpPF2GF9o1mLe/c="></latexit>

✏k =
k2

2m
<latexit sha1_base64="ij72bx/BN1DLBXSCtsOpVnogDvo=">AAACC3icbZDLSsNAFIYn9VbrLerSzdAiuCpJFXQjFN24rGAv0MQymU7aoTOTMDMRSsjeja/ixoUibn0Bd76NkzYLbf1h4OM/5zDn/EHMqNKO822VVlbX1jfKm5Wt7Z3dPXv/oKOiRGLSxhGLZC9AijAqSFtTzUgvlgTxgJFuMLnO690HIhWNxJ2exsTnaCRoSDHSxhrYVY/EijKDHkd6HITpJLv0QolwOrlvZGmDZwO75tSdmeAyuAXUQKHWwP7yhhFOOBEaM6RU33Vi7adIaooZySpeokiM8ASNSN+gQJwoP53dksFj4wxhGEnzhIYz9/dEirhSUx6YznxhtVjLzf9q/USHF35KRZxoIvD8ozBhUEcwDwYOqSRYs6kBhCU1u0I8RiYIbeKrmBDcxZOXodOou6d15/as1rwq4iiDI1AFJ8AF56AJbkALtAEGj+AZvII368l6sd6tj3lrySpmDsEfWZ8/A7ibpg==</latexit>



Susceptibility of atoms in thermal equilibrium 

g⌦
<latexit sha1_base64="NNkHJfPjAd04lSnuoPPzZukHV6o=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6LHoxZsV7Ae0oWy2k3bp7ibuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8MOFMG8/7dgorq2vrG8XN0tb2zu5eef+gqeNUUWzQmMeqHRKNnElsGGY4thOFRIQcW+HoZuq3nlBpFssHM04wEGQgWcQoMVZqD3rdO4ED0itXvKo3g7tM/JxUIEe9V/7q9mOaCpSGcqJ1x/cSE2REGUY5TkrdVGNC6IgMsGOpJAJ1kM3unbgnVum7UaxsSePO1N8TGRFaj0VoOwUxQ73oTcX/vE5qoqsgYzJJDUo6XxSl3DWxO33e7TOF1PCxJYQqZm916ZAoQo2NqGRD8BdfXibNs6p/XvXuLyq16zyOIhzBMZyCD5dQg1uoQwMocHiGV3hzHp0X5935mLcWnHzmEP7A+fwB2uuP1w==</latexit>

g�
<latexit sha1_base64="VDvobPRrbOSewIW5+/jSJoGISqU=">AAAB8HicdVDLSgMxFM3UV62vqks3wSK4GjJtHdtd0Y3LCrZV2qFkMpk2NMkMSUYopV/hxoUibv0cd/6N6UNQ0QOBwznnkntPmHKmDUIfTm5ldW19I79Z2Nre2d0r7h+0dZIpQlsk4Ym6DbGmnEnaMsxwepsqikXIaSccXc78zj1VmiXyxoxTGgg8kCxmBBsr3Q36PW7DEe4XS8it11HV8yFyzxAq+3VLUKVc833ouWiOElii2S++96KEZIJKQzjWuuuh1AQTrAwjnE4LvUzTFJMRHtCupRILqoPJfOEpPLFKBONE2ScNnKvfJyZYaD0WoU0KbIb6tzcT//K6mYlrwYTJNDNUksVHccahSeDsehgxRYnhY0swUczuCskQK0yM7ahgS/i6FP5P2mXXq7joulpqXCzryIMjcAxOgQfOQQNcgSZoAQIEeABP4NlRzqPz4rwuojlnOXMIfsB5+wQnYZCl</latexit>

Cloud of laser-driven atoms Homogeneous cloud V_ext=0 
Plane wave EM mode with momentum Q

�(!�,Q) =
g⌦g�
�a

X

k

nk � nk+Q

!� � ✏k+Q + ✏k + i0+
<latexit sha1_base64="pzmpRT3co0OU0PMaLNTmGsoRkrg="></latexit>

g⌦(r)g�(r) = g⌦g�e
iQ·r

<latexit sha1_base64="GaJIbMkw6vTYOr0JXJZ+ysFngxI="></latexit>

Bose-Einstein/Fermi-Dirac distribution

Temperature decreases the susceptibility

nk
<latexit sha1_base64="VlFOcfQatQxE/NgSl5vi1gh1jJY=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQq6LLoxmUF+4AmlMl00g6dTMLMjVBCf8ONC0Xc+jPu/BunbRbaemDgcM693DMnTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TZJpxlsskYnuhtRwKRRvoUDJu6nmNA4l74Tju5nfeeLaiEQ94iTlQUyHSkSCUbSSr/p+THEURvl42q/W3Lo7B1klXkFqUKDZr375g4RlMVfIJDWm57kpBjnVKJjk04qfGZ5SNqZD3rNU0ZibIJ9nnpIzqwxIlGj7FJK5+nsjp7Exkzi0k7OEZtmbif95vQyjmyAXKs2QK7Y4FGWSYEJmBZCB0JyhnFhCmRY2K2EjqilDW1PFluAtf3mVtC/q3mXdfbiqNW6LOspwAqdwDh5cQwPuoQktYJDCM7zCm5M5L86787EYLTnFzjH8gfP5A3NSkfI=</latexit>

nk+Q
<latexit sha1_base64="OWy2xdw8js9ozmo1YCHrAGk3QaY=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIsgCGVGBV0W3bhswT6gHUsmzbShmWRIMkoZ+h9uXCji1n9x59+YaWehrQcCh3Pu5Z6cIOZMG9f9dgorq2vrG8XN0tb2zu5eef+gpWWiCG0SyaXqBFhTzgRtGmY47cSK4ijgtB2MbzO//UiVZlLcm0lM/QgPBQsZwcZKD6Lfi7AZBWE6PmtM++WKW3VnQMvEy0kFctT75a/eQJIkosIQjrXuem5s/BQrwwin01Iv0TTGZIyHtGupwBHVfjpLPUUnVhmgUCr7hEEz9fdGiiOtJ1FgJ7OMetHLxP+8bmLCaz9lIk4MFWR+KEw4MhJlFaABU5QYPrEEE8VsVkRGWGFibFElW4K3+OVl0jqvehdVt3FZqd3kdRThCI7hFDy4ghrcQR2aQEDBM7zCm/PkvDjvzsd8tODkO4fwB87nD4LwkoI=</latexit>

Q
<latexit sha1_base64="0tLV1odc/Fw8CXoMPYvsQmnveRI=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyooMuiG5ct2Ae2pWTSO21oJjMkGaEM/Qs3LhRx69+482/MtLPQ1gOBwzn3knOPHwuujet+O4W19Y3NreJ2aWd3b/+gfHjU0lGiGDZZJCLV8alGwSU2DTcCO7FCGvoC2/7kLvPbT6g0j+SDmcbYD+lI8oAzaqz02AupGftB2pgNyhW36s5BVomXkwrkqA/KX71hxJIQpWGCat313Nj0U6oMZwJnpV6iMaZsQkfYtVTSEHU/nSeekTOrDEkQKfukIXP190ZKQ62noW8ns4R62cvE/7xuYoKbfsplnBiUbPFRkAhiIpKdT4ZcITNiagllitushI2poszYkkq2BG/55FXSuqh6l1W3cVWp3eZ1FOEETuEcPLiGGtxDHZrAQMIzvMKbo50X5935WIwWnHznGP7A+fwBwqCQ9w==</latexit>

T
<latexit sha1_base64="ivtZ/SWWmDp+IaHldVvzVMqYHrU=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokKeix68dhCv6ANZbOdtGs3m7C7EUroL/DiQRGv/iRv/hu3bQ7a+mDg8d4MM/OCRHBtXPfbWVvf2NzaLuwUd/f2Dw5LR8ctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYzvZ377CZXmsWyYSYJ+RIeSh5xRY6V6o18quxV3DrJKvJyUIUetX/rqDWKWRigNE1Trrucmxs+oMpwJnBZ7qcaEsjEdYtdSSSPUfjY/dErOrTIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCW/9jMskNSjZYlGYCmJiMvuaDLhCZsTEEsoUt7cSNqKKMmOzKdoQvOWXV0nrsuJdVdz6dbl6l8dRgFM4gwvw4Aaq8AA1aAIDhGd4hTfn0Xlx3p2PReuak8+cwB84nz+wU4za</latexit>

HotterColder

nk =
1

e(✏k�µ)/kBT ± 1
<latexit sha1_base64="ffnSu4KO5WNqTbT0sBsdN1m9KQA=">AAACJnicbVDLSgMxFM3Ud31VXboZLEJdWGdU0I1Q6sZlhb6gU4dMeqeGJpkhyQhlmK9x46+4cVERceenmD4WtXogcDjnXHLvCWJGlXacLyu3tLyyura+kd/c2t7ZLeztN1WUSAINErFItgOsgFEBDU01g3YsAfOAQSsY3I791hNIRSNR18MYuhz3BQ0pwdpIfuFG+B7H+jEI00F244USk9TNUnhISx7EirJoPnDq8eTkbOBX65kXczfzC0Wn7Exg/yXujBTRDDW/MPJ6EUk4CE0YVqrjOrHuplhqShhkeS9REGMywH3oGCowB9VNJ2dm9rFRenYYSfOEtifq/ESKuVJDHpjkeGO16I3F/7xOosPrbkpFnGgQZPpRmDBbR/a4M7tHJRDNhoZgIqnZ1SaP2FSlTbN5U4K7ePJf0jwvuxdl5/6yWKnO6lhHh+gIlZCLrlAF3aEaaiCCntErGqF368V6sz6sz2k0Z81mDtAvWN8/FjGmuQ==</latexit>
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Ultracold matter

Motional degree of freedom of atoms  
is extremely well controlled

Trapping and cooling of atoms down to

kBT ⇠ nK

Quantum degenerate bosonic and fermionic ultracold gases   

Bose-Einstein condensation (BEC)
Perfect Fermi-Dirac distribution

Quantum many-body systems 
of 

controlled complexity 
Quantum Simulation



Susceptibility of Quantum Matter - BEC 

g⌦
<latexit sha1_base64="NNkHJfPjAd04lSnuoPPzZukHV6o=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6LHoxZsV7Ae0oWy2k3bp7ibuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8MOFMG8/7dgorq2vrG8XN0tb2zu5eef+gqeNUUWzQmMeqHRKNnElsGGY4thOFRIQcW+HoZuq3nlBpFssHM04wEGQgWcQoMVZqD3rdO4ED0itXvKo3g7tM/JxUIEe9V/7q9mOaCpSGcqJ1x/cSE2REGUY5TkrdVGNC6IgMsGOpJAJ1kM3unbgnVum7UaxsSePO1N8TGRFaj0VoOwUxQ73oTcX/vE5qoqsgYzJJDUo6XxSl3DWxO33e7TOF1PCxJYQqZm916ZAoQo2NqGRD8BdfXibNs6p/XvXuLyq16zyOIhzBMZyCD5dQg1uoQwMocHiGV3hzHp0X5935mLcWnHzmEP7A+fwB2uuP1w==</latexit>

g�
<latexit sha1_base64="VDvobPRrbOSewIW5+/jSJoGISqU=">AAAB8HicdVDLSgMxFM3UV62vqks3wSK4GjJtHdtd0Y3LCrZV2qFkMpk2NMkMSUYopV/hxoUibv0cd/6N6UNQ0QOBwznnkntPmHKmDUIfTm5ldW19I79Z2Nre2d0r7h+0dZIpQlsk4Ym6DbGmnEnaMsxwepsqikXIaSccXc78zj1VmiXyxoxTGgg8kCxmBBsr3Q36PW7DEe4XS8it11HV8yFyzxAq+3VLUKVc833ouWiOElii2S++96KEZIJKQzjWuuuh1AQTrAwjnE4LvUzTFJMRHtCupRILqoPJfOEpPLFKBONE2ScNnKvfJyZYaD0WoU0KbIb6tzcT//K6mYlrwYTJNDNUksVHccahSeDsehgxRYnhY0swUczuCskQK0yM7ahgS/i6FP5P2mXXq7joulpqXCzryIMjcAxOgQfOQQNcgSZoAQIEeABP4NlRzqPz4rwuojlnOXMIfsB5+wQnYZCl</latexit>

Cloud of laser-driven atoms Homogeneous cloud V_ext=0 
Plane wave EM mode with momentum Q

�(!�,Q) =
g⌦g�
�a

X

k

nk � nk+Q

!� � ✏k+Q + ✏k + i0+
<latexit sha1_base64="pzmpRT3co0OU0PMaLNTmGsoRkrg="></latexit>

g⌦(r)g�(r) = g⌦g�e
iQ·r

<latexit sha1_base64="GaJIbMkw6vTYOr0JXJZ+ysFngxI="></latexit>

Bose-Einstein/Fermi-Dirac distributionnk =
1

e(✏k�µ)/kBT ± 1
<latexit sha1_base64="ffnSu4KO5WNqTbT0sBsdN1m9KQA=">AAACJnicbVDLSgMxFM3Ud31VXboZLEJdWGdU0I1Q6sZlhb6gU4dMeqeGJpkhyQhlmK9x46+4cVERceenmD4WtXogcDjnXHLvCWJGlXacLyu3tLyyura+kd/c2t7ZLeztN1WUSAINErFItgOsgFEBDU01g3YsAfOAQSsY3I791hNIRSNR18MYuhz3BQ0pwdpIfuFG+B7H+jEI00F244USk9TNUnhISx7EirJoPnDq8eTkbOBX65kXczfzC0Wn7Exg/yXujBTRDDW/MPJ6EUk4CE0YVqrjOrHuplhqShhkeS9REGMywH3oGCowB9VNJ2dm9rFRenYYSfOEtifq/ESKuVJDHpjkeGO16I3F/7xOosPrbkpFnGgQZPpRmDBbR/a4M7tHJRDNhoZgIqnZ1SaP2FSlTbN5U4K7ePJf0jwvuxdl5/6yWKnO6lhHh+gIlZCLrlAF3aEaaiCCntErGqF368V6sz6sz2k0Z81mDtAvWN8/FjGmuQ==</latexit>

nk = �k,0
<latexit sha1_base64="HhmbTapvPY+N8EvnJRTQwtGNh2c=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4vgQkqigm6EohuXFewDmhAmk0k7dDIJMxOhhOzd+CtuXCji1h9w5984aQNq64ELh3Pu5d57/IRRqSzry6gsLa+srlXXaxubW9s75u5eV8apwKSDYxaLvo8kYZSTjqKKkX4iCIp8Rnr++Lrwe/dESBrzOzVJiBuhIachxUhpyTPr3HMipEZ+mI3zSycgTCEv+5GOrdwzG1bTmgIuErskDVCi7ZmfThDjNCJcYYakHNhWotwMCUUxI3nNSSVJEB6jIRloylFEpJtNf8nhoVYCGMZCF1dwqv6eyFAk5STydWdxpJz3CvE/b5Cq8MLNKE9SRTieLQpTBlUMi2BgQAXBik00QVhQfSvEIyQQVjq+mg7Bnn95kXRPmvZp07o9a7Suyjiq4ADUwRGwwTlogRvQBh2AwQN4Ai/g1Xg0no03433WWjHKmX3wB8bHN9GRm4Y=</latexit>

Ideal BEC

�(!�,Q) =
g⌦g�
�a

2N✏Q
!2
� � ✏2Q + 2i!�0+

<latexit sha1_base64="qUpX73RopVQTaMsJjpVNC/kNT4o="></latexit>

Re�
<latexit sha1_base64="BqScnWBotxJFZTsWfZIEEGcQwq4=">AAAB+HicdVDLSgMxFM3UV62Pjrp0EyyCq5JUse2u6MZlFfuAzlAyadqGJjNDkhHq0C9x40IRt36KO//GTFtBRQ8EDufcyz05QSy4Ngh9OLmV1bX1jfxmYWt7Z7fo7u23dZQoylo0EpHqBkQzwUPWMtwI1o0VIzIQrBNMLjO/c8eU5lF4a6Yx8yUZhXzIKTFW6rtFTxIzVjK9YTOPjnnfLaEyQghjDDOCq+fIknq9VsE1iDPLogSWaPbdd28Q0USy0FBBtO5hFBs/JcpwKtis4CWaxYROyIj1LA2JZNpP58Fn8NgqAziMlH2hgXP1+0ZKpNZTGdjJLKb+7WXiX14vMcOan/IwTgwL6eLQMBHQRDBrAQ64YtSIqSWEKm6zQjomilBjuyrYEr5+Cv8n7UoZn5bR9VmpcbGsIw8OwRE4ARhUQQNcgSZoAQoS8ACewLNz7zw6L87rYjTnLHcOwA84b591K5Od</latexit>

Im�
<latexit sha1_base64="i9dIwg+dPhv9mYnnhGJwpVLbxCs=">AAAB+HicdVDLSsNAFJ3UV62PRl26GSyCq5C0oa27ohvdVbAPaEKZTCft0JkkzEyEGvolblwo4tZPceffOGkrqOiBgcM593LPnCBhVCrb/jAKa+sbm1vF7dLO7t5+2Tw47Mo4FZh0cMxi0Q+QJIxGpKOoYqSfCIJ4wEgvmF7mfu+OCEnj6FbNEuJzNI5oSDFSWhqaZY8jNRE8u+ZzD0/o0KzY1nmzXnXr0LZsu+FUnZxUG27NhY5WclTACu2h+e6NYpxyEinMkJQDx06UnyGhKGZkXvJSSRKEp2hMBppGiBPpZ4vgc3iqlREMY6FfpOBC/b6RIS7ljAd6Mo8pf3u5+Jc3SFXY9DMaJakiEV4eClMGVQzzFuCICoIVm2mCsKA6K8QTJBBWuquSLuHrp/B/0q1aTs2yb9xK62JVRxEcgxNwBhzQAC1wBdqgAzBIwQN4As/GvfFovBivy9GCsdo5Aj9gvH0ChrKTqA==</latexit>

Divergence of both coherent and incoherent susceptibility 
At the recoil energy  

Rounded off by interactions ✏Q
<latexit sha1_base64="ftogMJCta2JKCQ2K5XUosUy22/Q=">AAAB/HicbVBNS8NAFHypX7V+RXv0slgETyVRQY9FLx5bsLXQhLLZbtqlm03Y3Qgh1L/ixYMiXv0h3vw3btoctHVgYZh5jzc7QcKZ0o7zbVXW1jc2t6rbtZ3dvf0D+/Cop+JUEtolMY9lP8CKciZoVzPNaT+RFEcBpw/B9LbwHx6pVCwW9zpLqB/hsWAhI1gbaWjXPZooxg31IqwnQZh3ZkO74TSdOdAqcUvSgBLtof3ljWKSRlRowrFSA9dJtJ9jqRnhdFbzUkUTTKZ4TAeGChxR5efz8DN0apQRCmNpntBorv7eyHGkVBYFZrJIqJa9QvzPG6Q6vPZzJpJUU0EWh8KUIx2jogk0YpISzTNDMJHMZEVkgiUm2vRVMyW4y19eJb3zpnvRdDqXjdZNWUcVjuEEzsCFK2jBHbShCwQyeIZXeLOerBfr3fpYjFascqcOf2B9/gBaU5U3</latexit>

!�
<latexit sha1_base64="wGSF9j3xvlecIPnvP221MhWyjeM=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyooMuiG5cV7AM6Y8lkMm1oMhmSjFKG/ocbF4q49V/c+Tem7Sy09UDgcM493JsTppxp47rfTmlldW19o7xZ2dre2d2r7h+0tcwUoS0iuVTdEGvKWUJbhhlOu6miWIScdsLRzdTvPFKlmUzuzTilgcCDhMWMYGOlB18KOsB9n9tEhPvVmlt3Z0DLxCtIDQo0+9UvP5IkEzQxhGOte56bmiDHyjDC6aTiZ5qmmIzwgPYsTbCgOshnV0/QiVUiFEtlX2LQTP2dyLHQeixCOymwGepFbyr+5/UyE18FOUvSzNCEzBfFGUdGomkFKGKKEsPHlmCimL0VkSFWmBhbVMWW4C1+eZm0z+reed29u6g1ros6ynAEx3AKHlxCA26hCS0goOAZXuHNeXJenHfnYz5acorMIfyB8/kDjUWSiQ==</latexit>



Susceptibility of Quantum Matter - Fermions 

g⌦
<latexit sha1_base64="NNkHJfPjAd04lSnuoPPzZukHV6o=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6LHoxZsV7Ae0oWy2k3bp7ibuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8MOFMG8/7dgorq2vrG8XN0tb2zu5eef+gqeNUUWzQmMeqHRKNnElsGGY4thOFRIQcW+HoZuq3nlBpFssHM04wEGQgWcQoMVZqD3rdO4ED0itXvKo3g7tM/JxUIEe9V/7q9mOaCpSGcqJ1x/cSE2REGUY5TkrdVGNC6IgMsGOpJAJ1kM3unbgnVum7UaxsSePO1N8TGRFaj0VoOwUxQ73oTcX/vE5qoqsgYzJJDUo6XxSl3DWxO33e7TOF1PCxJYQqZm916ZAoQo2NqGRD8BdfXibNs6p/XvXuLyq16zyOIhzBMZyCD5dQg1uoQwMocHiGV3hzHp0X5935mLcWnHzmEP7A+fwB2uuP1w==</latexit>

g�
<latexit sha1_base64="VDvobPRrbOSewIW5+/jSJoGISqU=">AAAB8HicdVDLSgMxFM3UV62vqks3wSK4GjJtHdtd0Y3LCrZV2qFkMpk2NMkMSUYopV/hxoUibv0cd/6N6UNQ0QOBwznnkntPmHKmDUIfTm5ldW19I79Z2Nre2d0r7h+0dZIpQlsk4Ym6DbGmnEnaMsxwepsqikXIaSccXc78zj1VmiXyxoxTGgg8kCxmBBsr3Q36PW7DEe4XS8it11HV8yFyzxAq+3VLUKVc833ouWiOElii2S++96KEZIJKQzjWuuuh1AQTrAwjnE4LvUzTFJMRHtCupRILqoPJfOEpPLFKBONE2ScNnKvfJyZYaD0WoU0KbIb6tzcT//K6mYlrwYTJNDNUksVHccahSeDsehgxRYnhY0swUczuCskQK0yM7ahgS/i6FP5P2mXXq7joulpqXCzryIMjcAxOgQfOQQNcgSZoAQIEeABP4NlRzqPz4rwuojlnOXMIfsB5+wQnYZCl</latexit>

Cloud of laser-driven atoms
�(!�,Q) =

g⌦g�
�a

X

k

nk � nk+Q

!� � ✏k+Q + ✏k + i0+
<latexit sha1_base64="pzmpRT3co0OU0PMaLNTmGsoRkrg="></latexit>

nk =
1

e(✏k�µ)/kBT + 1
<latexit sha1_base64="o0AIYwaBEkoy+zv5/6c/rbicEGI=">AAACJXicbVDLSgMxFM34rPVVdekmWISKWGdU0IVCqRuXCq0tdOqQSe+0oZnMkGSEMszPuPFX3LhQRHDlr5g+Ftp6IHA451xy7/FjzpS27S9rbn5hcWk5t5JfXVvf2Cxsbd+rKJEU6jTikWz6RAFnAuqaaQ7NWAIJfQ4Nv3899BuPIBWLRE0PYmiHpCtYwCjRRvIKl8JzQ6J7fpD2sys3kISmTpbCQ1pyIVaMR78DR26YHBz3vSquZYdO5hWKdtkeAc8SZ0KKaIJbr/DudiKahCA05USplmPHup0SqRnlkOXdREFMaJ90oWWoICGodjq6MsP7RungIJLmCY1H6u+JlIRKDULfJIcLq2lvKP7ntRIdXLRTJuJEg6Djj4KEYx3hYWW4wyRQzQeGECqZ2RXTHjFNaVNs3pTgTJ88S+5Pys5p2b47K1aqkzpyaBftoRJy0DmqoBt0i+qIoif0gt7Qu/VsvVof1uc4OmdNZnbQH1jfP26qpcE=</latexit>

Fermi-Dirac distribution

!�/EF
<latexit sha1_base64="tsK1ng8rJ1RTgFVdZ5KLP+8Xv9Q=">AAAB+3icbVDLSgMxFM3UV62vsS7dBIvgqs6ooMuiKC4r2Ad0hiGTSdvQPIYkI5ahv+LGhSJu/RF3/o1pOwutHggczrmHe3PilFFtPO/LKS0tr6yuldcrG5tb2zvubrWtZaYwaWHJpOrGSBNGBWkZahjppoogHjPSiUdXU7/zQJSmUtybcUpCjgaC9ilGxkqRWw0kJwMUBcxmEnR8Hd1Ebs2rezPAv8QvSA0UaEbuZ5BInHEiDGZI657vpSbMkTIUMzKpBJkmKcIjNCA9SwXiRIf57PYJPLRKAvtS2ScMnKk/EzniWo95bCc5MkO96E3F/7xeZvoXYU5Fmhki8HxRP2PQSDgtAiZUEWzY2BKEFbW3QjxECmFj66rYEvzFL/8l7ZO6f1r37s5qjcuijjLYBwfgCPjgHDTALWiCFsDgETyBF/DqTJxn5815n4+WnCKzB37B+fgGWuaT+w==</latexit>

q =
Q

kF<latexit sha1_base64="bEOxB370LjU1nVKbN0ql5TWoq64=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEInkqigl6EoiAeW7Af0Iaw2W7apZtN3N0INfSXePGgiFd/ijf/jds2B219MPB4b4aZeUHCmdKO820VVlbX1jeKm6Wt7Z3dsr2331JxKgltkpjHshNgRTkTtKmZ5rSTSIqjgNN2MLqZ+u1HKhWLxb0eJ9SL8ECwkBGsjeTb5YerXigxyRqTbOTfTny74lSdGdAycXNSgRx13/7q9WOSRlRowrFSXddJtJdhqRnhdFLqpYommIzwgHYNFTiiystmh0/QsVH6KIylKaHRTP09keFIqXEUmM4I66Fa9Kbif1431eGllzGRpJoKMl8UphzpGE1TQH0mKdF8bAgmkplbERlik4M2WZVMCO7iy8ukdVp1z6pO47xSu87jKMIhHMEJuHABNbiDOjSBQArP8Apv1pP1Yr1bH/PWgpXPHMAfWJ8/4bqTOg==</latexit>

Real Part Imaginary Part

!�/EF
<latexit sha1_base64="tsK1ng8rJ1RTgFVdZ5KLP+8Xv9Q=">AAAB+3icbVDLSgMxFM3UV62vsS7dBIvgqs6ooMuiKC4r2Ad0hiGTSdvQPIYkI5ahv+LGhSJu/RF3/o1pOwutHggczrmHe3PilFFtPO/LKS0tr6yuldcrG5tb2zvubrWtZaYwaWHJpOrGSBNGBWkZahjppoogHjPSiUdXU7/zQJSmUtybcUpCjgaC9ilGxkqRWw0kJwMUBcxmEnR8Hd1Ebs2rezPAv8QvSA0UaEbuZ5BInHEiDGZI657vpSbMkTIUMzKpBJkmKcIjNCA9SwXiRIf57PYJPLRKAvtS2ScMnKk/EzniWo95bCc5MkO96E3F/7xeZvoXYU5Fmhki8HxRP2PQSDgtAiZUEWzY2BKEFbW3QjxECmFj66rYEvzFL/8l7ZO6f1r37s5qjcuijjLYBwfgCPjgHDTALWiCFsDgETyBF/DqTJxn5815n4+WnCKzB37B+fgGWuaT+w==</latexit>

Crucial role 
of dimensionality

Crucial role 
of density (E_F)

Absorption-less 
windows



Susceptibility of Quantum Matter - Fermions 

g⌦
<latexit sha1_base64="NNkHJfPjAd04lSnuoPPzZukHV6o=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6LHoxZsV7Ae0oWy2k3bp7ibuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8MOFMG8/7dgorq2vrG8XN0tb2zu5eef+gqeNUUWzQmMeqHRKNnElsGGY4thOFRIQcW+HoZuq3nlBpFssHM04wEGQgWcQoMVZqD3rdO4ED0itXvKo3g7tM/JxUIEe9V/7q9mOaCpSGcqJ1x/cSE2REGUY5TkrdVGNC6IgMsGOpJAJ1kM3unbgnVum7UaxsSePO1N8TGRFaj0VoOwUxQ73oTcX/vE5qoqsgYzJJDUo6XxSl3DWxO33e7TOF1PCxJYQqZm916ZAoQo2NqGRD8BdfXibNs6p/XvXuLyq16zyOIhzBMZyCD5dQg1uoQwMocHiGV3hzHp0X5935mLcWnHzmEP7A+fwB2uuP1w==</latexit>

g�
<latexit sha1_base64="VDvobPRrbOSewIW5+/jSJoGISqU=">AAAB8HicdVDLSgMxFM3UV62vqks3wSK4GjJtHdtd0Y3LCrZV2qFkMpk2NMkMSUYopV/hxoUibv0cd/6N6UNQ0QOBwznnkntPmHKmDUIfTm5ldW19I79Z2Nre2d0r7h+0dZIpQlsk4Ym6DbGmnEnaMsxwepsqikXIaSccXc78zj1VmiXyxoxTGgg8kCxmBBsr3Q36PW7DEe4XS8it11HV8yFyzxAq+3VLUKVc833ouWiOElii2S++96KEZIJKQzjWuuuh1AQTrAwjnE4LvUzTFJMRHtCupRILqoPJfOEpPLFKBONE2ScNnKvfJyZYaD0WoU0KbIb6tzcT//K6mYlrwYTJNDNUksVHccahSeDsehgxRYnhY0swUczuCskQK0yM7ahgS/i6FP5P2mXXq7joulpqXCzryIMjcAxOgQfOQQNcgSZoAQIEeABP4NlRzqPz4rwuojlnOXMIfsB5+wQnYZCl</latexit>

Cloud of laser-driven atoms
�(!�,Q) =

g⌦g�
�a

X

k

nk � nk+Q

!� � ✏k+Q + ✏k + i0+
<latexit sha1_base64="pzmpRT3co0OU0PMaLNTmGsoRkrg="></latexit>

nk =
1

e(✏k�µ)/kBT + 1
<latexit sha1_base64="o0AIYwaBEkoy+zv5/6c/rbicEGI=">AAACJXicbVDLSgMxFM34rPVVdekmWISKWGdU0IVCqRuXCq0tdOqQSe+0oZnMkGSEMszPuPFX3LhQRHDlr5g+Ftp6IHA451xy7/FjzpS27S9rbn5hcWk5t5JfXVvf2Cxsbd+rKJEU6jTikWz6RAFnAuqaaQ7NWAIJfQ4Nv3899BuPIBWLRE0PYmiHpCtYwCjRRvIKl8JzQ6J7fpD2sys3kISmTpbCQ1pyIVaMR78DR26YHBz3vSquZYdO5hWKdtkeAc8SZ0KKaIJbr/DudiKahCA05USplmPHup0SqRnlkOXdREFMaJ90oWWoICGodjq6MsP7RungIJLmCY1H6u+JlIRKDULfJIcLq2lvKP7ntRIdXLRTJuJEg6Djj4KEYx3hYWW4wyRQzQeGECqZ2RXTHjFNaVNs3pTgTJ88S+5Pys5p2b47K1aqkzpyaBftoRJy0DmqoBt0i+qIoif0gt7Qu/VsvVof1uc4OmdNZnbQH1jfP26qpcE=</latexit>

Fermi-Dirac distribution

Example in d=1 
Divergent dispersion  
Without absorption Im�

<latexit sha1_base64="NU+yS9rBKm37W5sNcTPKHAa17A4=">AAAB+HicbVDLSgMxFL3js9ZHR126CRbBVZlRQZdFN7qrYB/QGUomzbShSWZIMkId+iVuXCji1k9x59+YabvQ1gOBwzn3ck9OlHKmjed9Oyura+sbm6Wt8vbO7l7F3T9o6SRThDZJwhPVibCmnEnaNMxw2kkVxSLitB2Nbgq//UiVZol8MOOUhgIPJIsZwcZKPbcSCGyGSuR3YhKQIeu5Va/mTYGWiT8nVZij0XO/gn5CMkGlIRxr3fW91IQ5VoYRTiflINM0xWSEB7RrqcSC6jCfBp+gE6v0UZwo+6RBU/X3Ro6F1mMR2ckipl70CvE/r5uZ+CrMmUwzQyWZHYozjkyCihZQnylKDB9bgoliNisiQ6wwMbarsi3BX/zyMmmd1fzzmnd/Ua1fz+sowREcwyn4cAl1uIUGNIFABs/wCm/Ok/PivDsfs9EVZ75zCH/gfP4AJqOTZg==</latexit>

Re�
<latexit sha1_base64="BqScnWBotxJFZTsWfZIEEGcQwq4=">AAAB+HicdVDLSgMxFM3UV62Pjrp0EyyCq5JUse2u6MZlFfuAzlAyadqGJjNDkhHq0C9x40IRt36KO//GTFtBRQ8EDufcyz05QSy4Ngh9OLmV1bX1jfxmYWt7Z7fo7u23dZQoylo0EpHqBkQzwUPWMtwI1o0VIzIQrBNMLjO/c8eU5lF4a6Yx8yUZhXzIKTFW6rtFTxIzVjK9YTOPjnnfLaEyQghjDDOCq+fIknq9VsE1iDPLogSWaPbdd28Q0USy0FBBtO5hFBs/JcpwKtis4CWaxYROyIj1LA2JZNpP58Fn8NgqAziMlH2hgXP1+0ZKpNZTGdjJLKb+7WXiX14vMcOan/IwTgwL6eLQMBHQRDBrAQ64YtSIqSWEKm6zQjomilBjuyrYEr5+Cv8n7UoZn5bR9VmpcbGsIw8OwRE4ARhUQQNcgSZoAQoS8ACewLNz7zw6L87rYjTnLHcOwA84b591K5Od</latexit>

Cfr. BEC-case 
+ 

fermions can be effectively  
non-interacting

Potential for extreme 
single-photon nonlinearity
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4. Many-body physics with quantum atom-photon plasmas
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Quantum plasma of photons and neutral atoms

Ultracold 
Atoms Photons Plasma

Boundary
Conditions

Isolated
Driven 

Dissipative
Driven+Dissipative 

with atom number cons.

Interactions Short range X
Long range, 
Retarded, 

Non-conservative

Tuneability Trapping, 
Inter. strength

Boundary 
conditions

Inter. shape (time&space), 
Boundary conditions

Unusual combination of complex features: 
Wealth of unexplored phenomena 

Optimal methods need to be developed combining : 

quantum field theory, quantum optics, non-equilibrium open system theory



|  Francesco Piazza 62

Two perspectives

Many-body nonlinear quantum optics

Quantum many-body phases of matter 
with light-mediated interactions

Quantum many-body phases of light 
with matter-mediated interactions

atomic interaction
probe photonΩ 

|kF| 
Q 

Ω 
|kF| 

Q 

Propagating photons in a medium of dipoles 
• Particle number and energy not conserved 
• Interactions inherited from matter

Particles/spins coupled to few optical modes 
• Particle number conserved 
• Dissipative interactions mediated by photons
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Two perspectives

Many-body nonlinear quantum optics

Quantum many-body phases of matter 
with light-mediated interactions

Quantum many-body phases of light 
with matter-mediated interactions

THIS LECTURE 
Matter made of cold atoms

atomic interaction
probe photonΩ 

|kF| 
Q 

Ω 
|kF| 

Q 

Propagating photons in a medium of dipoles 
• Particle number and energy not conserved 
• Interactions inherited from matter

Particles/spins coupled to few optical modes 
• Particle number conserved 
• Dissipative interactions mediated by photons
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Non-equilibrium diagrammatic approach to strongly interacting photons

Quantum many-body phases of light 
with matter-mediated interactions

atomic interaction
probe photon

Moving photons, medium of dipoles 
• Particle number and energy not conserved 
• Interactions inherited from matter

Attempt at formulating 
“a QED for optically dense media” 
• no charges but static dipoles 
• non-relativistic 
• non perturbative regime 

• "Non-equilibrium diagrammatic approach to strongly interacting photons" 
J. Lang, D. E. Chang, FP, arXiv:1810.12921 (2018) 

• "Interaction-induced transparency for strong-coupling polaritons" 
J. Lang, D. E. Chang, FP, arXiv:1810.12912 (2018)
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4a. Superradiant crystals and magnets
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Nature of the interactions between driven atoms and confined photons
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Photon-mediated interactions
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Shaping the photon mediated interactions

General case 
A whole set of  

electromagnetic modes is available
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Ring cavity

Translation invariance is discrete: Z_2 even-odd sites of chequerboard

Translation invariance is continuous along x
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Shaping the photon mediated interactions

General case 
A whole set of  

electromagnetic modes is available
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Ω 
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U(r, r0)

Near-planar cavity
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U(r, r0) / � cos(k0(x� x0)) cos(k0y) cos(k0y
0)

x

y

Ring cavity

Translation invariance is discrete: Z_2 even-odd sites of chequerboard

Translation invariance is continuous along x

Interesting physics: 
Interactions are infinitely-long ranged and periodically sign-changing 

Tendency toward crystallisation 
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Crystallisation of quantum matter: experimental observation 

• Laser-driven Bose-Einstein condensate inside an near-planar cavity 

  Exp @ETH [Nature 464 (2010)], @Hamburg [PRL 113 (2014)] 

• Spatial ordering above a certain laser intensity i.e. interaction strength 

• Simplest example of light-mediated crystallisation 

Z_2 Translation invariance spontaneously broken:  
Choice between even-odd sites of chequerboard

U(r, r0) / � cos(k0x) cos(k0x
0) cos(k0y) cos(k0y

0)
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Crystallisation of quantum matter: experimental observation 

• Laser-driven Bose-Einstein condensate inside an near-planar cavity 

  Exp @ETH [Nature 464 (2010)], @Hamburg [PRL 113 (2014)] 

• Spatial ordering above a certain laser intensity i.e. interaction strength 

• Simplest example of light-mediated crystallisation 

Z_2 Translation invariance spontaneously broken:  
Choice between even-odd sites of chequerboard

U(r, r0) / � cos(k0x) cos(k0x
0) cos(k0y) cos(k0y

0)

Extension to continuous translation symmetry: 
Provided the first unambiguous experimental realisation of a supersolid!
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Experimental observation with bosonic atoms

Asboth et al. (2005); Nagy, et al. (2006,2008); Vukics et al. (2007);

Th-Hom.

BEC-Hom.

Th.-Self Org.

BEC-Self Org.

FP, P. Strack, W. Zwerger, Ann. Phys. (2013)

Cold Atoms

MIT [PRL 91 (2003)] 

Singapore [PRL 109 (2012)]

Bose-Einstein condensate

ETH [Nature 464 (2010)] 

Hamburg [PRL 113 (2014)]

Atoms: complex quantum system with intrinsic correlations. 
Example: transition to Bose-Einstein condensation

We studied: 
Interplay between condensation and self-ordering
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Dicke-Peierls super-radiance in 1D

At k0=2kF superradiant
with infinitesimal pump

Perfect Nesting  
Self-organized system is insulating

Analog to Peierls instability 
in 1D metals

Difference: 
the resulting lattice is dynamical

in contrast to the heavy ions of the metal

kF

k0

0.0 0.5 1.0 1.5

1.00

0.50

0.20

0.30

0.70

kFêk0

lêw
R

Super-radiant

Normal

Normal

1d spinless fermions in a transv. driven cavity

T = 0

T = 0.01 !R

http://www.utwente.nl
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Magnetic models with photon-mediated interactions
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Coupling via two-photon transition:�c

Ĥca =

Z
dr

⌦⇤(r)g(r)

�A
â 

†
g1(r) g2(r) + h.c.

~s =  ̂† · ~� ·  ̂Pseudospin:

Several types of spin-spin interactions [F.Mivehvar, H.Ritsch, FP, arXiv:1809.09129]

AFM phase predicted  
[F.Mivehvar, FP, H.Ritsch PRL 119, 063602 (2017)] 

Recently observed in experiment @ Stanford 
[R.M. Kroeze, et al., PRL 121, 163601 (2018)]
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Shaping the photon mediated interactions

General case 
A whole set of  

electromagnetic modes is available
U(r, r0) = �
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Cavity modes
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Shaping the photon mediated interactions

General case 
A whole set of  

electromagnetic modes is available
U(r, r0) = �
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Cavity modes

)
Interaction potential (transverse plane)
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Shaping the photon mediated interactions: Confocal Cavity

General case 
A whole set of  

electromagnetic modes is available
U(r, r0) = �

X

↵

⌦⇤(r)⌦(r0)g⇤↵(r
0)g↵(r)

�2
A
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↵

Confocal cavity @ Stanford
[V.D.Vaidya et al. PRX 8, 011002 (2018) ]

Cavity modes

)
Interaction potential (transverse plane)

Tuneable interaction range

✏̃ = ✏/�00

Tuneable parameter
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Finite-range cavity-mediated interactions

Example: 
Two standing-wave pumps with orthogonal polarisation

⌦(x, y) = ~e1 cos(2⇡x/�) + ~e2 cos(2⇡y/�)

~e1 ? ~e2

Interaction potential

• External potential contour (Blue) 
• Interaction potential minima (Yellow)

0 1 2 3 4

-1.5

-1.0

-0.5

0.0

0.5

1.0 U (0, 0, x, n�)

Geometry (Z4 Symmetry)
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Finite-range cavity-mediated interactions

Example: 
Two standing-wave pumps with orthogonal polarisation

⌦(x, y) = ~e1 cos(2⇡x/�) + ~e2 cos(2⇡y/�)

~e1 ? ~e2

Geometry (Z4 Symmetry) Interaction potential

• External potential contour (Blue) 
• Interaction potential minima (Yellow)

0 1 2 3 4

-1.5

-1.0

-0.5

0.0

0.5

1.0 U (0, 0, x, n�)

Generic properties 
• Sign-changing potential 
• Absolute minimum always at zero distance

x


