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Nonlinear Optics

Observation:
Photons do not interact

Nonlinear Optics need a medium
which mediates interactions

First thing to study:

Interaction between light and matter
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Coupling between light and matter

@ fundamental level: QED

Electron-photon scattering in vacuum '
€
2 1 .
o e N Coupling is weak
B Areghc 137 Set by the fine-structure constant
QUESTION

Is the light-matter coupling always weak?
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Strong coupling between light and matter

One solution:

* Use finite-density medium (to catch a photon)

* Use strong light fields (to affect the medium)

Example 1: Plasma
lonised matter strongly coupled with electromagnetic field.
Very complex many-body light-matter system

A T T GEREREEE | [ eew g

Lightning strike is a plasma channel. Source: Wikipedia
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Strong coupling between light and matter

One solution:

* Use finite-density medium (to catch a photon)

* Use strong light fields (to affect the medium)

Mid-IR

Gas-filled
waveguide

Example 2: Strong laser pulses
Nobel Prize 2018:
Gérard Mourou and Donna Strickland for their method of
generating high-intensity, ultra-short optical pulses.

Coherent
addition
of X-rayfields

g\/\/\/\/\
g/\/\/\
d7

o/ R

e

M

High-harmonic generation with femtosecond pulses on gases [PNAS]
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Nonlinear optics

Example: second harmonic generation

Source: Wikipedia
'y second harmonic wave
) ) -

o9 «.- Fundamental principle:
original photon Y

(Pump wave") a strong enough beam

—— ‘ < @ modifies medium (polarisability)

which in turn modifies beam propagation

laser light source . . .
0 non-inear crystal prism residual wave

Classical version: nonlinear polarisability in Maxwell's equations

Equivalent picture:

The medium mediates P, = ¢q Z X,’(;Jl.)Ej + Z XS]ZEJEIC T ...
j Jk

interactions between photons

Technology:
Photon interactions are useful for signal processing in optics
(optical modulation/switching, frequency conversion, ...)
So far in the classical regime!
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Strong coupling between light and matter

* Use finite-density medium (to catch a photon)

* Use strong light fields (to affect the medium)

Photon-lump scatterin
Nonlinear Optics tends to be classical P 9

 Lightis classical at high intensities
Interactions between coherent “lumps” of photons
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Strong coupling between light and matter

* Use finite-density medium (to catch a photon)

* Use strong light fields (to affect the medium)

Photon-by-photon scattering?

Nonlinear Optics tends to be classical

 Light is classical at high intensities

Interactions between coherent “lumps” of photons °

AN M//ﬁ
CATERW

2:.%%%
L] (] 9
Can quantum mechanics be important? 7 N
o

o

* Interactions need to take place between single photons
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Strong coupling between light and matter

* Use finite-density medium (to catch a photon)

* Use strong light fields (to affect the medium)

Photon-by-photon scattering?

Nonlinear Optics tends to be classical

 Light is classical at high intensities

Interactions between coherent “lumps” of photons °

AN M//ﬁ
CATERW

2:.%%%
L] (] 9
Can quantum mechanics be important? 7 N
o

o

* Interactions need to take place between single photons

Is Quantum Nonlinear Optics interesting?
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Quantum nonlinear optics: technological promise

PROSPECT:
Quantum information processing and communication

* Photons are optimal quantum information carriers
* Photon-interactions could allow for quantum information processing

The Quantum Internet
Kimble, et al., Nature 453, 1023 (2008).

Quantum y J A

node
.

[ - . :
1 | | * Photons transport information across channels

* Photon-interactions at the nodes process information

* Interactions rely on nonlinear optics in the quantum regime

Quantum channel
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Quantum nonlinear optics: fundamental interest

PROSPECT:
Novel many-body phenomena in quantum plasmas

* Material’s degree of freedom strongly interacting with light at the level of single quanta
* Take a finite excitation density of both light and matter where collective phenomena appear

Example: Quantum atom-photon “plasma”

Peculiar features:

* Not in thermal equilibrium (driven-dissipative)

* Exotic interactions (retardation, sign-change, long-

L
I

. s
& N
/

le) —— s 3 g
- Pl
lg) —— —
(2012).

Peyronel, et al., Nature 488, 57
Example: single Rydberg atoms interacting with single photons

range)
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Quantum nonlinear optics: overview

Review: Chang, Vuletic, Lukin, Nat. Phot. 8, 685 (2014).

Q.

!
.
§

Fundamental motivation:

Technological motivation:

Many-body phenomena
Quantum Internet

: D
ek B In quantum plasmas
\ Quantum Quantum

photon-photon : many-body
nonlinear optics ! nonlinear optics

Linear optics

Interaction strength per photon

Photon number
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Quantum nonlinear optics: overview of materials

Molecules lons Superconducting circuits

729 nm

=
l B g @

393 nm

[Phys. Rev. X 7, 021014]

Cavity

[Nature 431, 162]

2D electron gases Neutral atoms

1’ P> Pe [Nature 488, 57]

) [Nature 464, 1301]
[Science 335, 1323]
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Quantum

nonlinear optics: overview of materials

Molecules

[Phys. Rev. X 7, 021014]

lons

Superconducting circuits

729 nm

[
l B g @

393 nm

Cavity

[Nature 431, 162]

QUANTUM DEGENERATE MATTER

~

=

2D electron gases
(strongly correlated fermions)

[Science 335, 1323]

Neutral atoms

(ultracold bosons/fermions)

b y7777777777774

mnnk&éinun

[Nature 488, 57]
[Nature 464, 1301]
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Quantum nonlinear optics: overview of materials

Molecules lons Superconducting circuits

729 nm

393 nm

[Phys. Rev. X 7, 021014]

Cavity

[Nature 431, 162]

THIS TALK

4 )

Neutral atoms

2D electron gases

(strongly correlated fermions)
A THEZES (ultracold bosons/fermions)

b y7777777777774

—_—
—
C—
| —
-
| —
L —
| —
o —
T —

mnnk&éinun

1’ P> Pe [Nature 488, 57]
[Nature 464, 1301]

A

[Science 335, 1323] \
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Outline

1. Interaction between atoms and photons
2. Implementing Quantum nonlinear optics
3. Quantum nonlinear optics with quantum degenerate matter

4. Many-body physics with quantum atom-photon plasmas
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1. Interaction between atoms and photons
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Interaction of electromagnetic fields with (artificial) atoms

k

u) (X) EM field interacts with the electrons in the atom
Minimal coupling: L( —eA)?
j Phng. o p—¢€

Hamiltonian: H = ]:Iel + I:—[int + I:]ﬁeld

R N V2 ~ ;

Ha = [ 91()[ = -+ eV(x)]bx)dx = ) _ e,

J

E A ot e A At ) E Neglected
E Hiny >~ [ YT (x)| — EA - p|Y(x)dx = Z C;C (grjean + h.c.) : A2 term
1 j7k7>‘ 'I

---------------------------------------------------------------

Ir\jk = _i : /Qb; (X) [11)\ (X) . p]¢k (X)dX Coupling strength
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Interaction of electromagnetic fields with (artificial) atoms

k

U ) (X)

2w

Irjk = —%\/ 150 /Cb;(x)[uA(X) - P| Pk (x)dx

Dipole approximation: UA(X) ~ UA(XO)

(Photon wavelength cannot resolve electron wave function)

E [ E
i Irjk =~ _Z\/2w>\80 (€; — €x)ux(xo) - djx E

[Exercise: show it]
Transition dipole moment:  dj, = /qb;k (x)exopp(x)dx
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Interaction of electromagnetic fields with (artificial) atoms

k

u ) (X) R ;
Hine = Y  ¢hén(gajran + huc.)
4 j7k7>‘
J
Rotating frame: )
2 (T FTe 1 Hi: — Ale, etles—er)t grjka e A 4 hc
[J=¢e (He1+Hfield) J
7.k,

Rotating wave approximation:

AN ~ ~ ~ _- . . t
Hipg ~ E C;Ckngka/\e Hox=eten)t 1 p e,

¢ Hm I Em Em m E E N
- EE EE mom

Neglect non-energy-conserving processes: oscillating fast
(valid close enough to resonance)

6—’i(w>\—|—6j—ek)t 5 ’k>
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Quantifying the strength of light-matter coupling

k - )

Materials degrees of freedom modelled a
W set of transitions (e.g. electron orbitals in atom)

Susceptibility
Measures the linear response
of the material to a photon

=
S
-
||
=[]
E)
&
|
S
SO

Must vanish for equally populated states 71 = T

Must have a maximum on resonance W) — €j — €k

[ 1
Must contain the interaction matrix-element <k’errt\j> = grkj = — ¢ /gbz (x)[ur(x) - plo;(x)dx
AE0

m \ 2w

Width of the transition set by 7Yjk
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Quantifying the strength of light-matter coupling

k ! )

Materials degrees of freedom modelled a
W set of transitions (e.g. electron orbitals in atom)

Susceptibility
Measures the linear response
of the material to a photon

=_
€
Z
|
=[]
E)
K
|
S
<
>
o

Dimension of a frequency

|
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
Y4

Cooperativity

Dimensionless measure of

Light-matter coupling

Q
&
-
|
=_
&
Z
B
5

Multiply susceptibility
by characteristic interaction time
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Quantifying the strength of light-matter coupling: atom in free space

S 1k x
u)(x) = et ’7%
v Ld? 2) ) 7 )
D=\ o e L w12d12

. - W

Susceptibility
Measures the linear response
of the material to a photon

<
~—~
&
>
~—
|
Q.
=[]
~—~
S
Ny
|
S
<
~—
—~
>
~—
(\V)

Dimension of a frequency

|
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
Y4

Cooperativity

Dimensionless measure of

Light-matter coupling

Q
&
-
|
=_
&
Z
B
]

Multiply susceptibility

by characteristic interaction time
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Quantifying the strength of light-matter coupling: atom in free space

m(x) = —2clox Y,

2)

1

Susceptibility
Real part: coherent interaction (photon dispersion)
Imag. part: incoherent interaction (photon absorption)

9i
W p—
x(@3) WX — W12 + 1Y
Cooperativity
2
giL/c
C(w)\) _ A /

Wy — Wig + 17y

1

~ d
gx \/Qw,\soLd2 W12012

L
Tint — ;
Imy
Rey
WX — W12

Y,
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Quantifying the strength of light-matter coupling: atom in free space

e\ k.-
u)(x) = Ni7? etk 7% N
‘2> gx = \/ : wizds
2w>\50Ld2
d . . W 7
Tint — —
‘1> ) c
L
; 2 L 2 L 22 !
Estimate the cooperativity : ITmC.... — 9res ¢ - 9res ¢ M2,
(consider resonant absorption for simplicity) E res — y o 92 W%z d2 L o dZ :
: res c¢? (2m)? :

------------------------------------------------

Exercise: show that

Hint: compute the incoherent susceptibility
2 J27, for an atom in a volume=d”2*L

— g° Y12 filled with a continuum of EM plane-wave modes
f)/ gres 3 2 9
& ( 77) (sum over all modes)
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Quantifying the strength of light-matter coupling: atom in free space

€

Uy (X) = ———ekr X 7%

Ld? 2) ) N\/ 7
. 2(,0)\80Ld2

wi2d19

L

‘1> y Tint_;

Estimate the cooperativity
(consider resonant absorption for simplicity)

¢ _
9 Wiy d2L d?
v Jres 3 (27)2

------------------------------------------------

2]

.

D

n

||

||
Q
:
@)
0))
o |
|
&
(\V)

PROBLEM IN FREE SPACE:

4 ™
Diffraction limit
light cannot be focused below its wavelength # | C| << 1
d > )\ (typically) \ Atom-photon coupling small! )

260 | Francesco Piazza




2. Implementing Quantum Nonlinear Optics
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Increasing the cooperativity

Free space problem:

L
Tint — —
C

o= mEmEmmm==a,
2)
£
@
N
|

Increase interaction time

Cavities

Multipass enhancement

Atoms in an optical resonator
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Increasing the cooperativity

Free space problem:

L
Tint — —
C

o= mEmEmmm==a,
5
£
@
N
|

Increase interaction time Beat the diffraction limit
Cavities Evanescent fields
Multipass enhancement Confinement @wavelength level

Source: Univ. Vienna

Atoms in an optical resonator Atoms close to a waveguide
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Increasing the cooperativity

Y 4 1

: )\2 : Free space problem:

: Tint N\192 |

:ImCreS — 2 : L L

. L/C d 1 Tlnt -

: ' C

N e e e e .

Increase interaction time Beat the diffraction limit Use collective effects
Cavities Evanescent fields Strong interatomic interactions
Multipass enhancement Confinement @wavelength level "Superatom”

Source: Univ. Vienna .
Source: Univ. Stuttgart

Atoms in an optical resonator Atoms close to a waveguide Rydberg atoms
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Option 1 - Cavities

K V%

.
|
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1

Y4

Multipass enhancement
Determined by Finesse

(can be as large as 107\6)

;

Interaction time

Loss rate out of the mirrors

1
Tint — —
K
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Option 1 - Cavities

Loss rate out of the mirrors

1

Tint — —

K

K T,
~
‘2> Interaction time
d Wy
1
L
T )\2 )\2 Multipass enhancement
int V12 12 Determined by Finesse

;

(can be as large as 1076)

Cooperativity
reweritten as:

Standard suggestive expression -> longer-lived state seems to help.

Question: why is not true?
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Option 2 - Evanescent fields

o= mEmEmmm==a,
2)
£
@
N
|

Optical Nanofibers

PRL 104, 203603

Trapping atoms close to fiber

e Ee,
~ Nat. Phot. 9, 320

Trapping atoms close to 2D structure
Exponential confinement
Transverse size can go below wavelength
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Option 2 - Evanescent fields

- _—
?ﬁy@ Physics ~

Focus: Strong Light Reflection from Few
Atoms

September 23,2016 « Physics 9, 109

Up to 75% of light reflects from just 2000 atoms aligned along an optical fiber, an arrangement
that could be useful in photonic circuits.

Coherent Backscattering of Light Off One-
Dimensional Atomic Strings

H.L. Serensen, J.-B. Béguin, K.W. Kluge, I.
lakoupov, A.S. Serensen, J.H. Miiller, E.S. Polzik,
and J. Appel

Phys. Rev. Lett. 117, 133604 (2016)
Published September 23,2016

Large Bragg Reflection from One-
Dimensional Chains of Trapped Atoms
Near a Nanoscale Waveguide

Neil V. Corzo, Baptiste Gouraud, Aveek Chandra,
Akihisa Goban, Alexandra S. Sheremet, Dmitriy V.
Kupriyanov, and Julien Laurat

Phys. Rev. Lett. 117, 133603 (2016)
Published September 23,2016
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Option 3 - Collective effects in Rydberg atoms

1) ~8—|1)

Blockade Radius within which only a single atom can be excited

Source: Univ. Stuttgart

Rydberg Blockade: {/ >> y

Only one of the two atoms can be excited

FiiEs
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Option 3 - Collective effects in Rydberg atoms

0O
U(T’ T/) 5 _1 /|6 U(T, 7“,)1 ‘2>>/‘y
= [2) ------ QI

1) ~8—|1)

Blockade Radius within which only a single atom can be excited

Source: Univ. Stuttgart

Rydberg Blockade: [/ >> Y

Only one of the two atoms can be excited

FiiEs

A single photon can saturate the whole blockade radius

.
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
¥

“Superatom” made of [V}, atoms

g—Neg A '

5
3
||
||
UT




Implementing the nonlinearity

Needs an active element in the medium:
Atomic degree of freedom which is nonlinearly coupled to the photon

Atomic saturation

Multiple excitations avoided
Due to nonlinear level spacing

4 )

1)

7)

k)

. J
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Implementing the nonlinearity

Needs an active element in the medium:
Atomic degree of freedom which is nonlinearly coupled to the photon

Atomic saturation Interatomic interactions

Multiple excitations avoided , ,
. . Example: Rydberg interaction
Due to nonlinear level spacing

4 )
]l> ~ )
v — |2)
Wy _‘2>U.(f’.->I ......
- ) . .
A
1) 1)
\_ ’k> J \_ J
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Implementing the nonlinearity

Needs an active element in the medium:
Atomic degree of freedom which is nonlinearly coupled to the photon

Atomic saturation Interatomic interactions Atomic motion

Multiple excitations avoided , , Feedback between
Example: Rydberg interaction

Due to nonlinear level spacing Internal and motional dynamics

g )
’l> [ ) . ~
W —_— ‘2>U_(_’__>I ______ 2, )
‘]> (CU)\,k)\>
W - A .
k) 1) 1) ,

Y, _ J \_ Y,
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Implementing the nonlinearity

Atomic saturation

Multiple excitations avoided
Due to nonlinear level spacing

4 )

1)

Needs an active element in the medium:
Atomic degree of freedom which is nonlinearly coupled to the photon

Interatomic interactions

Example: Rydberg interaction

4 )
v — [2)
U(r,r")
—|2) I ......
W W
1) 1)

Quantum degenerate matter

(see part 3)
4 )

Atomic motion

Feedback between
internal and motional dynamics

a )
’27 k + k>\>
(wr, ki)
11, k)
\_ Y,

\_

J
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Quantum nonlinear optics from atomic saturation

4 R (- R

A u> Multiple excitations avoided
Due to nonlinear level spacing

) ﬁ
B\

W
Jaynes-Cummings Hamiltonian
: Hjc = E CUACALT ay + WgeO z + E (g)\a)\O'_l_ -+ h.C.) :
! A A e ;
Restricted Fermion ann|h|lat|on/cr_|e_at|on operators SponpirJrators
Hilbert space 0} Cg Ce
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Quantum nonlinear optics from atomic saturation

4 R (- R

A u> Multiple excitations avoided
Due to nonlinear level spacing

WA
e) €)
W) WX
Jaynes-Cummings Hamiltonian
o rEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEnE S n )
: HJC — g wka;&,\ + WgeO 2 + E (gAa)\J—I_ —+ h.C.) :
A e ———————- A e ———————- ;
Restricted
Hilbert space Experiment measuring coincidences (atom in cavity)
o R a ’ [Birnbaum,et al., Nature 436, 87]
CyCqg + CoCe = 1 Example: Photon Blockade 207 i
Two photons cannot be 15+ ]
Creates nonlinearity absorbed/emitted @210_. TE N __ ol L
Like an interaction at the same time. > '
0.5+
K J 0.0 } } }
-1.0 -0.5 0.0 0.5 1.0
T (us)
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Quantum nonlinear optics from atomic saturation

4 R g R

A ‘l> Multiple excitations avoided
Due to nonlinear level spacing

WA
e) e)
W) WX
Jaynes-Cummings Hamiltonian
o rEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEnE S n 1
v Hjo = E wkaifw\ + WgeO0, + E (g)\a)\O'_i_ -+ h.C.) :
N e eean D e A e '
Restricted
Hilbert space
CyCg + CoCe =1 Example: Photon Blockade
Two photons cannot be
Creates nonlinearity absorbed/emitted .
Like an interaction at the same time. [y S 6
\79 \ N
Y= Wg ‘%
K ) [Peyronel, et al., Nature 488, 57] ‘
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Additional tool: Electromagnetically-Induced Transparency (EIT)

Two-level atom

( )

e)

WA

9)

Single particle effect (linear optics):

destructive interference between excitation pathways

Fleischhauer, Lukin (2002)

Susceptibility

Imy
Rey

N Wy — W12

Strong interactions imply also large absorption

EIT window

Large coherent interactions without absorption

44 | Francesco Piazza



Technological application of quantum nonlinear optics

Cavities

Gate

B (free-space)

l de
mo

Control beam

Source * *J
(cavity) mode

B D —
~ 8 :.: £ >
./ 7/ v/

— ) — .

—]d) — —

Gate Source
Control
— s - - —_—

288 |g) - S

Storage Switching Retrieval
Exp.: Chen ,et al., Science 341, 768 (2013)

Example: All optical single-photon transistors

Waveguides

Rydberg Ensembles

optical nanofiber

, WGM
resonator

Exp.: Sayrin ,et al., PRX'5, 041036 (2015)

U(r)

|rg) —>=ry)
7y
Oy 0y
0g {23s le) _]_
gg (S.g
Y Y
(@ ——l9—
Eq 0.

S Rb <~

I atoms I

O Es

Trap\
& 2 ]
E s ’detection

+ + + + + + +—
0 tint 50

Time [ps]

(c)
1 0 L : ) ! ) ! ) ! Te b -
7 [ o 3G ]
£o6f e N e &
Z 04l . ) -
= 02r A/ ]
0.0
-40  -20 0 20 40
(d) Detuning [MHz]

Exp.: Gorniaczyc, et al.,

Phys. Rev. Lett. 113, 053601 (2014)



3. Quantum nonlinear optics with quantum degenerate matter
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Implementing the nonlinearity

Atomic saturation

Multiple excitations avoided
Due to nonlinear level spacing

4 )

1)

Needs an active element in the medium:
Atomic degree of freedom which is nonlinearly coupled to the photon

Interatomic interactions

Example: Rydberg interaction

4 )
v — [2)
U(r,r")
—|2) I ......
W W
1) 1)

Quantum degenerate matter

4 )

Atomic motion

Feedback between
internal and motional dynamics

a )
’27 k + k>\>
(wr, ki)
11, k)
\_ Y,

\_

J
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Dispersive coupling to the atomic motion

e ~ Q
e,k + Q) g
Recoil kick
Atomic center of mass
WQ ‘ > Still within dipole approx.
e
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Dispersive coupling to the atomic motion

4 O)
e,k + Q)
Recoil kick
Atomic center of mass
WQ Still within dipole approx.

Dispersive coupling
Far-off resonant laser ( A, is the larges scale): Excited-state-dynamics frozen the two-photon transition

9)
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Dispersive coupling to the atomic motion

Far-off resonant laser ( A, is the larges scale): Excited-state-dynamics frozen the two-photon transition

Hamiltonian in real space:
. L R AV TN R
H=— ZA)\O&CLA + /@bg(r) ( — — 4+ V(r))wg(r)
\ r

Coupling is nonlinear
Dynamical Optical potential

*

V(r) — Vot (1) + Z (9@(12!?(1') JTiads + h.c.) 4 Z QA(PX]/V (r) &K&A’

A Y a
g ’€> h g ‘€> A Recall: the dipole coupling strength
A A
“I CLI gr/a(r) oc uy/o(r)
KA | T [
A A Depends on the electromagnetic mode function
computed at the position of the atom
9o g g gx
\ 4
. 9 | 9)
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Dispersive coupling to the atomic motion

Far-off resonant laser ( A, is the larges scale): Excited-state-dynamics frozen the two-photon transition

Hamiltonian in real space:

. L R AV TN R
H=— ZA)\G&CLA + /wg(r) ( — — 4+ V(r))wg(r)
\ r
Dynamical Optical potential

P (6) = Valr) + 3 (22098 g, ) 4 3 SOy,

A

Exercise: derive the above Hamiltonian starting from the Jaynes-Cummings Hamiltonian.

Hint: assuming far-off detuned laser use the approximate representation: ot (I‘) ~ % (I‘)wl (I‘)

In Heisenberg picture assume the excited state operator is in the steady state (adiabatic elimination)
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Dispersive coupling to the atomic motion

Far-off resonant laser ( A, is the larges scale): Excited-state-dynamics frozen the two-photon transition

Hamiltonian in real space:

. L R AV TN R
H=— ZA)\G&CLA + /wg(r) ( — — 4+ V(r))wg(r)
\ r
Dynamical Optical potential

bty 3 (O ) 3 I,

A

Exercise: derive the above Hamiltonian starting from the Jaynes-Cummings Hamiltonian.

Hint: assuming far-off detuned laser use the approximate representation: o (I‘) ~ 1), (I‘)wl (I‘)

In Heisenberg picture assume the excited state operator is in the steady state (adiabatic elimination)

Note: the \psi-operators describe the motion of the atomic COM and not of the electrons!
The electron dynamics is reduced to a single-particle quantum number e/g.

Directly applicable to N atoms.
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Quantum nonlinear optics with atomic motion

9ga A

1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
v

ert| -\ |2
— n;) |(K[VY5)]
Wxx — €j + €L -+ i’ij

Susceptibility

Measures the linear response

of the material to a photon

£
J
1\d
2

T}, : average occupation of the k-th atomic eigenstate in the trap V_ext

R [ 6ie)an®on(x)s (1

« Width of the transition is negligible in the dispersive regime: 7Yk ~ ()

e Interaction matrix-element <]{7|V>\pert|j> —




Quantum nonlinear optics with atomic motion

Cloud of laser-driven atoms A o n V2 n
==Y Ml + [0 ( - 5+ V) )b

A :

a
g A
ol ofe : pert 12 :
Susceptibility ! (nk — TLj) ‘ <k‘V)\ ‘j> ‘ :
Measures the linear response : X(wk) — E ' > :
of the material to a photon : ik WA — € T €k T VYjk :
* Tl[ : average occupation of the k-th atomic eigenstate in the trap V_ext
A/ T
* Interaction matrix-element <]~c|Vpert L /gbk gQ g)\( )gbj( )
« Width of the transition is negligible in the d|sper5|ve regime: ’ij ~ ()
Example: g g Nk — Nk+Q
Homogeneous cloud V_ext=0 X(wAa Q) — A E - n 4+ 40+
Plane wave EM mode with momentum Q a WA k+Q k ¢
.~ k2
go(r)gx(r) = gagre' " € = ——




Susceptibility of atoms in thermal equilibrium

Cloud of laser-driven atoms Homogeneous cloud V_ext=0 B iQ-r

Plane wave EM mode with momentum Q go (r)gA(r) — gagie

CEREy o '
; _gagx Z Nk — Nk4Q ;

: X(w>\7 Q) — PN

; AW W) — €k+Q + e + 20 .
L '

1
Nk = Bose-Einstein/Fermi-Dirac distribution

Temperature decreases the susceptibility

Colder Hotter




Ultracold matter

Motional degree of freedom of atoms : Trapping and cooling of atoms down to
is ext | I controlled
is extremely well controlle kT ~ nK

Quantum degenerate bosonic and fermionic ultracold gases

2 D velocity distributions

~200nK i ' RIS PN
AR 3 - J ‘J ’
’

Quantum many-body systems o
controlled complexity e, SRR ROES |
Quantum Simulation rar AN A BRGNP

Bose-Einstein condensation (BEC) Perfect Fermi-Dirac distribution
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Susceptibility of Quantum Matter - BEC

Cloud of laser-driven atoms Homogeneous cloud V_ext=0

_ 1Q-r
Plane wave EM mode with momentum Q ga (I')g)\ (I‘) — gagie
. Io Ioli '
° gagi Nk — Nk+Q
a T W) — €k4+Q T €k + 7
g0
1 L
N, — ose-cinstein/rermi-Dirac distrioution
k e(ek_:u)/kBT T 1
Ideal BEC ﬂ
Nk = 0k,0
L T ‘- Re
L X(wx, Q) = L9 2<Q : !
! ’ A, w3 €2Q + 2iw)0F
""""""""""""""""""" Imy
Divergence of both coherent and incoherent susceptibility

At the recoil energy | >
Rounded off by interactions €Q W)




Susceptibility of Quantum Matter - Fermions

Cloud of laser-driven atoms

(%[9)

Real Part

X(Cd)\, Q) — gzi Z

k
Fermi-Dir Istri lon

1
elexk—p)/ kT +1

2
lI .
§ 1 l'“ Il i .
= A ANE N Crucial role
£ 0+ *I’ R 5. V=1 —\—‘__:-:—__/__n_;:--.—--__
2 S et T . . .
S of dimensionality
Snd v _ Q[
A0 g= | —— a=2
N kp| —-— q-3
o
3L ‘
~ A
% 0.5 ) “ P
1
~ 1] \ -\ .
= Nl e Crucial role
\oj 0.0 - ll /; "'--—-—/—_—,—.?_‘__.—_—_.—_7.—:_—_—__—:?_;'-'{ .
o -
A of density (E_F)
& "/\/‘\—'/ -
& 05 4
/!
o
04 - ‘,f“
~ / ‘\ -~
% 0.2 " \\N J// \\ =
] e = = T e — - — N
T T - SIS S mm e e Absorption-less
> 7 —
« N v _
3-02 Ty .- M
AN windows
DR
® 06 !
1
-0.8 ’/' wA/EF

Nk — Nk4+Q

W) — €k+Q T €k + 10T

- Imv y(q,v)/ F(0)

- Imv y(q,v)/ F(0)

e 2
w

e
o

e




Susceptibility of Quantum Matter - Fermions

Cloud of laser-driven atoms

(%[9)

Example in d=1
Divergent dispersion
Without absorption

Cfr. BEC-case
+

fermions can be effectively
non-interacting

Potential for extreme
single-photon nonlinearity

gagx Nk — Nkt
X(wx, Q) = =3 > h
a

k
Fermi-Dir Istri lon

1
~ ela—w)/ksT 1]

Nk

1.0
0.5

W) — €k+Q T €k + 10T

0.0
-0.5,
-1.0

llllllll

AAAAAAAAAAAAAAA




4. Many-body physics with quantum atom-photon plasmas
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Quantum plasma of photons and neutral atoms

Ultracold
Atoms

Photons Plasma

Boundary solated Driven Driven+Dissipative
Conditions Dissipative with atom number cons.
Long range,
Interactions Short range X Retarded,
Non-conservative
- Trapping, Boundary Inter. shape (time&space),
Tuneability Inter. strength conditions Boundary conditions

Unusual combination of complex features:

Wealth of unexplored phenomena

Optimal methods need to be developed combining :

quantum field theory, quantum optics, non-equilibrium open system theory
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Many-body nonlinear quantum optics

Two perspectives

Quantum many-body phases of matter Quantum many-body phases of light
with light-mediated interactions with matter-mediated interactions
probe photon

atomic interaction

Particles/spins coupled to few optical modes Propagating photons in a medium of dipoles
e Particle number conserved e Particle number and energy not conserved
* Dissipative interactions mediated by photons * Interactions inherited from matter

62 | Francesco Piazza




Many-body nonlinear quantum optics

Two perspectives

@tum many-body phases of matter \ Quantum many-body phases of light

with light-mediated interactions with matter-mediated interactions

probe photon

atomic interaction

Particles/spins coupled to few optical modes Propagating photons in a medium of dipoles
e Particle number conserved e Particle number and energy not conserved

Qsipative interactions mediated by photons j e Interactions inherited from matter

THIS LECTURE
Matter made of cold atoms
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Non-equilibrium diagrammatic approach to strongly interacting photons

é )
Attempt at formulating
“a QED for optically dense media”
* no charges but static dipoles
» non-relativistic
* non perturbative regime
- _J
Q
AMAAS = K + “ nm + A

Quantum many-body phases of light
with matter-mediated interactions

probe photon

atomic interaction

Moving photons, medium of dipoles
, e Particle number and energy not conserved

+ Szé T VVVAVA g > ¢ |nteractions inherited from matter
9] Q

)

e "Non-equilibrium diagrammatic approach to strongly interacting photons'
J. Lang, D. E. Chang, FP, arXiv:1810.12921 (2018)

e "Interaction-induced transparency for strong-coupling polaritons”
J. Lang, D. E. Chang, FF, arXiv:1810.12912 (2018)

064 | Francesco Piazza



4a. Superradiant crystals and magnets
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Nature of the interactions between driven atoms and confined photons

‘---~

e) A
|
AT TA, Coupling via two-photon transition:
S o] gm0
r g\r)a . Q* r)g(r) . - .
A = / (A) ) 4 (2)), (x) + huc.
9) .
() ~
Photon-mediated interactions
U(r,r')
Photon losses:  Lp = k (Q&Iﬁ&T —a'ap — ﬁ&T&)
K
© ©
Instantaneous R R R R
donsit-densiy Hine = | Ulr.x) 0610, (1)) (1')9, ()
interaction rr!

¢l EEN EN EN BN BN BN BN BN BN BN BN BN BN BN BN BN BN BN BN BN BN BN BN BN BN BN BN BN BN BN BN BN BN BN BN BN BN BN BN BN BN BN BN BN BN BN BN BN BN BN BN BN BN BN BN BN BN BN B BN B B B I I g,

Interaction potential

AR EEE R

--------------------------------------------------------------------
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Shaping the photon mediated interactions

Goners coe STRONS s L

electromagnetic modes is available o A o T Kg
Nearplanar cavity T )
E Ur,r’) E
E U(r,r’) o< — cos(kgx) cos(kox") cos(koy) cos(koy') i
i () () Translation invariance is discrete: Z_2 even-odd sites of chequerboard E

N
|E%
—

---------------------------------------------------------------------------------

P e el el i i T e L I
y2 A Y

Ring cavity '

U(r,r") < —cos(ko(x — x")) cos(koy) cos(koy')

(8 ® Translation invariance is continuous along x

@
—~
=

H\
~

---------------------------------------------------------------------------------
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Shaping the photon mediated interactions

Goners coe STRONS s L

electromagnetic modes is available o A o T Kg
Nearplanar cavity ™,
E Ur,r’) E
E U(r,r’) o< — cos(kgx) cos(kox") cos(koy) cos(koy') i
i () () Translation invariance is discrete: Z_2 even-odd sites of chequerboard E

Interesting physics:
Interactions are infinitely-long ranged and periodically sign-changing

*"Ring cavity Tendency toward crystallisation

U(r,r") < —cos(ko(x — x")) cos(koy) cos(koy')

(8 ® Translation invariance is continuous along x

@
—~
=

H\
~

----------’

'4
N
|E~2
—
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Crystallisation of quantum matter: experimental observation

NATURE| Vol 464 |29 April 2010

¢ | aser-driven Bose-Einstein condensate inside an near-planar cavity

'J Exp @ETH [Nature 464 (2010)], @Hamburg [PRL 113 (2014)]

» Spatial ordering above a certain laser intensity i.e. interaction strength

o U(r,r’) o< — cos(kgx) cos(kox") cos(koy) cos(koy')

® cven sies e Simplest example of light-mediated crystallisation

P
O 0Odd sites

Z_2 Translation invariance spontaneously broken:

Choice between even-odd sites of chequerboard
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Crystallisation of quantum matter: experimental observation

NATURE| Vol 464 |29 April 2010

|

¢ | aser-driven Bose-Einstein condensate inside an near-planar cavity

'J Exp @ETH [Nature 464 (2010)], @Hamburg [PRL 113 (2014)]

SPCM

=

P<P,

» Spatial ordering above a certain laser intensity i.e. interaction strength

|

o U(r,r’) o< — cos(kgx) cos(kox") cos(koy) cos(koy')

® cven sies e Simplest example of light-mediated crystallisation

P
O 0Odd sites

Z_2 Translation invariance spontaneously broken:
Choice between even-odd sites of chequerboard

T s Extension to continuous translation symmetry:
Mg Provided the first unambiguous experimental realisation of a supersolid!
:
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Experimental observation with bosonic atoms

Atoms: complex quantum system with intrinsic correlations. Cold Atoms
Example: transition to Bose-Einstein condensation s 8 : 1600 .
Zof [l S N 3
FP, P. Strack, W. Z Ann. Phys. (2013) 2 ” } L/ S\ Jja00 3
' P. Strack, W. Zwerger, Ann. S. I 0
259y/ g 4f | --.~5()t(ms)-"0 e
. ./ B 200 2.
| £ 2} 3
. . g &
_ . L ol | | "o NS
2.0 0 100 200 300
_ Time (us)
3 15l Th-Hom. Th.-Self Org. MIT [PRL 91 (2003)]
S j =020 =0 @ 70,%0 =0 _ Singapore [PRL 109 (2012)]
E 1.0t
- \ : Bose-Einstein condensate
031 BEC-Hom. BEC-Self Org. T/v
_ a=0,® #0 a# 0,8 #0 ./
0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 L
A/d 2560 a“F// T T —
C Y
S
We studied: é%”sf ------------
Interplay between condensation and self-ordering "5 0 %5 o 25
ETH [Nature 464 (2010)]

Hamburg [PRL 113 (2014)]
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Dicke-Peierls super-radiance in |D

| d spinless fermions in a transv. driven cavity 1.00—
< kO > 0.70 Super-radiant
e — 0.50
S
kF é | Normal

= 030
At k0O=2kF superradiant

with infinitesimal pump 0.20

Perfect Nesting
Self-organized system is insulating

a __a_ '(I‘(S-fl-d.
SRS G S (PSS P R S S 5 N Analog to Peierls instability
in 1D metals

E, | Er Difference:
\/ \/ the resulting lattice is dynamical
in contrast to the heavy ions of the metal

-~ U / f -~ 0 “~ =
-Tva na -va  -weda vad wa
Wavevector k Wavevector k

(a)
http://www.utwente.nl

U LULLIC U 1o chnische Universitat Miinchen




Magnetic models with photon-mediated interactions

Coupling via two-photon transition:

A 0*
Heon = /dr (z)j(r)awgl(r)ngQ(r)Jrh.C.

Several types of spin-spin interactions [F-Mivehvar, H.Ritsch, FP, arXiv:1809.09129]

~

Hain = [ { T 0 1)82(0)50 (1) + Tl (115, ()34 (1) + T (1) 5203, (1) = 5, ()32 o)

-----~
N O N N N = = .-

. + J2Y(r',r) [8.(x") 8, (r) + 5, (r") 5. (r)] }drdr -{-/B (r)s.(r)dr, Pseudospin: r— \IJT i \Ij’
(al 15 4 b— «c e BOEJ
é 10 oo'g.
AFM phase predicted ; 2
[F-Mivehvar, FP, H.Ritsch PRL 119, 063602 (2017)] 3 ol st I Y
Time (ms)
. . (b) CRET
Recently observed in experiment @ Stanford K
[R.M. Kroeze, et al., PRL 121, 163601 (2018)] ; ¢ ) 5 Y
2 | B8 oL
B |
0.5 oD, 0.0 0D, 05
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Shaping the photon mediated interactions

General case O* (2O (1) o (1 r A
A whole set of U(I‘,r/):—z () <X 2920‘( )9a )Al o] >
electromagnetic modes is available a A o 1 kg

o) Cavity modes

SL=0pm .

£ |sL=32um: l

= : lA

- .

S . —

2 | . :

£ (SL;s.aymE

m .

c o

o —_— M—&&-

2 |6L =151 um

= .

(& PR “ !‘_!III‘JJ. Al
(‘L*292ﬂm A.m €

-« — e >

-80 -60 -40 -20 0 20 40 60 80

Frequency (MHz)
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Shaping the photon mediated interactions

General case ) o
Uv(I'7 I'/) = — Z {2 (I')Q(I' )ga(r )ga(r) |Aa|

A whole set of
. . A% A2 4 K2
electromagnetic modes is available o & &

Cavity modes

Cavity transmission (arb.)

b‘ L4

P.

|

bt

[+ -]

=

3

-80 60 -40 -20 0 20 40 60 80
Frequency (MHz)

Interaction potential (transverse plane)

a

S s e s """ """ E=

E : 1 2
: U(X, X’) = —%Q*(X)Q(X,) X —= K() f
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Shaping the photon mediated interactions: Confocal Cavity

General case
A whole set of
electromagnetic modes is available o

Ao
AZ 4 K2

_ 0 (r)Q(r') g5 (r') ga (r)
. 5

o) Cavity modes

Cavity transmission (arb.)

b\ L
h
|

F o
[+ -]
=
3

g . M ‘IJILIJLJJJL,_*.

6L =292 ;:mf Fa c

| e

-80 60 -40 -20 0 20 40 60 80
Frequency (MHz)

(b)

Dixy.xy)

26}
24}
22}

2.0

18}
16}

14

12}
10}
08}

0.6

Tuneable interaction range

: 2.5

t 20}
15

i rop |

', —(;.4—6.2 010 0?2 0f4 |

. e

al i

LB

. ’
-

-

-25 -20 -15 -10 05 00 05 10 15 20 25

I /uwy

Confocal cavity @ Stanford

4 [V.D.Vaidya et al. PRX 8, 011002 (2018) ]

Tuneable parameter

€ = G/A()O

I' .~‘
' Interaction potential (transverse plane) :
- Ux) = - Borow) < ko 22X ):
: X, X ) = —-53 (X)X ) X — = '
: A2 dme €| W :
' '
N L4
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Finite-range cavity-mediated interactions

Example:
Two standing-wave pumps with orthogonal polarisation

Q(x,y) = €1 cos(2mz /) + €5 cos(2my/\)

€1 L e
Geometry (Z4 Symmetry) Interaction potential
e External potential contour (Blue) of | | U (() () T n)\j'
* Interaction potential minima (Yellow) o /\ L |
/N

AGGGGGOG] e | |\ DN
OOOOOOO
21 QOO0
OOOOOOO , , , ,-
1 QOO0 | | | | “
OOOOOOO
00 QOOOOO
x/A
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Finite-range cavity-mediated interactions

Example:
Two standing-wave pumps with orthogonal polarisation

Q(x,y) = €1 cos(2mz /) + €5 cos(2my/\)

€1 L e
Geometry (Z4 Symmetry) Interaction potential
* External potential contour (Blue) o | | [J (O O T n)\)
* Interaction potential minima (Yellow) o /\ P |
/N

e W /s
OOOOOOO
21 QOO0
OOOOOOO , , , |
1 QOO0 | | | | “
<> <> <> <> <> O <> Generic properties

0 @ <> @ O @ <> @ e Sign-changing potential

e Absolute minimum always at zero distance

y/ A

x/A
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